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Kurzfassung
Ringlaser dienen dazu, durch genaue inertiale Messungen Rotationen ohne Bezug
auf ein externes Referenzsystem lokal und praktisch in Echtzeit zu bestimmen.
Sie wurden in den 1970er Jahren insbesondere für die Navigation von Flugzeugen
entwickelt. In den letzten Jahrzehnten wurden Ringlaser dann so weit verbessert,
dass sie nun auch als eigenständige Messinstrumente in der Geodäsie Verwen-
dung nden. Aufgrund der erreichbaren Genauigkeit ist es inzwischen möglich,
Variationen in der Erdrotation mit der dafür erforderlichen Präzision zu detektieren.
Der stabilste unter den Ringlasern, der so genannte Ringlaser G der
geodätischen Fundamentalstation Wettzell, erreicht eine Sensitivität von
1.2× 10−11 nrad/(s
√
Hz). Damit ist dieses Instrument in der Lage, Neigungen von
bis zu 1 nrad (dies entspricht einem Signal von 0.2 mas in der Polbewegung, bzw.
10−9Ω0 in Änderung der Rotationsgeschwindigkeit der Erde) im täglichen und
halb-täglichen Frequenzband zu messen.
Motivation dieser Arbeit ist es, der in den letzten Jahren erreichten Verbesserung
des Auösungsvermögens und der Sensorstabilität Rechnung zu tragen und die für
die Auswertung von Ringlaserdaten benutzten geophysikalischen Modelle weiter zu
verbessern, um dadurch die variable Rotation der Erde noch präziser vermessen
zu können. Die dafür relevanten Eekte werden in den einzelnen Kapiteln dieser
Arbeit separat behandelt.
Nach einer Einführung werden in Kapitel 2 dieser Arbeit drei lokale, topozen-
trische Koordinatensysteme konstruiert, mit welchen sich das zu beobachtende
Sagnac-Signal eines Ringlasers in der ersten post-Newtonischen Näherung der
Allgemeinen Relativitätstheorie adäquat beschrieben lässt.
In Kapitel 3 wird ein verbessertes Modell für die Orientierung des Ringlasers,
basierend auf Ergebnissen von Dehant et al. (1999), entwickelt. Ein in den bislang
benutzten Modellen vernachlässigter Neigungsterm konnte dabei identiziert
werden. Ein Modell für die retrograde tägliche Polbewegung der Erde wird in
Kapitel 4 entwickelt. Ausgehend von den dynamischen Gleichungen für eine
starre Erde werden diese um elastische Eekte und Einüsse der Mehrschichtigkeit
der Erde ergänzt und die entsprechenden Euler-Liouvilleschen Gleichungen und
Transfer-Funktionen abgeleitet.
Gezeiteneinüsse des Ozeans, speziell die dadurch hervorgerufene sub-tägliche
Variation der Erdrotation und ozeanische Auasteekte, werden in Kapitel 5
behandelt. Es wird gezeigt, dass die ozeanischen Signale gröÿer als 10−9∆f0
(∆f0 ≈ 348 Hz für den Ringlaser G) sind und damit in den Messdaten des
Ringlasers "G" nachweisbar sein sollten.
Auf Grundlage der in dieser Arbeit entwickelten Modelle wurde eine 168 Tage
(30. April  17. Oktober 2010) umfassenden Datenreihe des Ringlasers "G" in Kapi-
tel 6 ausgewertet. Für die Auswertung wurde die Software ETERNA 3.40 genutzt
und entsprechend angepasst. Die tägliche retrograde Polbewegung konnte dabei
mit einer Genauigkeit von 0.15mas bestimmt werden. Diese Auswertung beweist
ein weiteres Mal die Existenz eines üssigen Erdkerns. Des weiteren konnte gezeigt
werden, dass bestimmte Gezeitenparameter des halb-täglichen Frequenzbandes
durch lokale Eekte beeinusst werden. Lokal gemessene Luftdruckdaten wurden
benutzt, um den Einuss atmosphärischer Auasteekte auf den Ringlaser "G" zu
untersuchen. Die Ergebnisse dieser Arbeit zeigen, dass sich für diese Eekte kein
signikanter Einuss nachweisen lässt.
Die Arbeit schlieÿt mit einer Zusammenfassung der Resultate, einer Beschrei-
bung der sich ergebenden Schlussfolgerungen und einem Ausblick auf zukünftige
Arbeiten auf dem Gebiet der Ringlaseranalyse.
Abstract
Ring laser gyroscopes measure inertial rotations locally and in real-time without
the need for an external reference system. Initially, they were developed for aircraft
navigation applications in the 1970s. With the improvement of ring laser technology
during the last decades large ring laser gyroscopes (RLGs) are nowadays used as
independent geodetic instruments. Due to the achievable accuracy more and more
geophysical signals become observable in the data.
The G-ring located at the Geodetic Observatory Wettzell is reckoned as the
most stable one amongst the running large RLGs and reaches a sensitivity of
1.2 × 10−11 rad/(s
√
Hz). Therefore, the instrument is able to detect a tilt signal
of 1 nrad (equivalent to a signal of 0.2mas in polar motion or 10−9Ω0 in variation
of Earth rotation rate) in the diurnal and semi-diurnal band. This motivates us
to improve previous geophysical models and estimate associated tilt and Earth
rotation signals, which are the focuses of this Thesis.
Firstly, we construct three local proper topocentric reference frames and
interpret the Sagnac eect observed by large RLGs in the rst post-Newtonian
(PN) approximation of Einstein's theory of gravity.
Secondly, in Chapter 3 we develop an improved orientation model for the
Sagnac platform, based on the numerical results of Dehant et al. (1999). A
missing tilt term in previous RLG tilt models is found. In Chapter 4, based on
the Euler-Liouville equations or nutation transfer functions for a rigid Earth, a
purely elastic Earth, a two-layered Earth and a three-layered Earth, ve retrograde
diurnal polar motion models are computed with the HW95 tidal potential catalogue.
Thirdly, ocean tide eects (two aspects: eects on sub-daily variations of Earth
rotation and loading eect on tilt) are considered in Chapter 5. We show that the
Sagnac signals induced by ocean tides are larger than 10−9∆f0 (∆f0 ≈ 348Hz for
the G-ring) and their inuences are visible in the G-ring.
Fourthly, based on the above-mentioned improved models and 168 days (from
Apr.30 to Oct.17 in 2010) of G-ring data, in the diurnal band, we estimate the
retrograde diurnal polar motion signal with an accuracy of 0.15mas. The Earth
tide software ETERNA 3.40 was adopted and modied to analyse this data. Our
estimation provides one more evidence for the existence of the Earth's uid outer
core. Furthermore, we found that the tidal parameters for the G-ring are aected
by the cavity and topographic eects in the semi-diurnal band. The local air
pressure record is used in order to investigate the atmospheric loading eect on the
G-ring by a simple regression model. Nevertheless, the preliminary result shows
that no signicant inuence from atmospheric loading on our estimation is found.
This Thesis closes with a summary of the obtained results, conclusions and
suggestions how the analysis of ring laser data could be improved in future work.
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Ā enclosed area of a RLG
∆f Sagnac frequency shift of a RLG
Ω0 mean angular velocity of the Earth Ω0 = 7.2921150× 10−5 rad/s
σCW normal frequency of the Chandler Wobble
σE normal frequency of the Euler Wobble
σFCN normal frequency of the Free Core Nutation as seen in the Earth-xed frame
σFICN normal frequency of the Free Inner Core Nutation as seen in the Earth-xed
frame
A spatial components of the (Minkowskian) 4-acceleration of the topocenter
eA normal of the platform on which RLGs are installed
n normal vector of a RLG
Ω Earth rotation vector
ΩG rotation vector of the ToGeRS
ΩL local rotation vector
ΩP rotation vector of the PfRS
ΩGP geodetic-precession
ΩLT Lense-Thirring precession
ΩT Thomas precession
V velocity of topocenter in the GCRS
vE velocity of the Earth in the BCRS
xE position of the Earth in the BCRS
Γ̃CMB electromagnetic coupling torque at the CMB boundary (associated parameter
K̃CMB)
Γ̃ ICB electromagnetic coupling torque at the ICB boundary (associated parameter
K̃ICB)
iv Contents
ϕ̃ dimensionless external tidal potential associated with eV 12 (t)
ψ̃, ψ3 equatorial and polar components of the excitation functions
p̃(σ) polar motion of the CIP
Q̃(σ) retrograde DPM factor dened in Eq. (4.58)
q̃(σ) transfer function of retrograde DPM and nutation
q̃MHB MHB2000 nutation transfer function
eV ml (t) external tidal potential of degree l and order m
a radius of the Earth's equator, a = 6378136.3 m
A, C Earth's principle moments of inertia, A = 8.0101(2) × 1037 kgm2, C =
8.0365(2)× 1037 kgm2
G universal gravitational constant G = 6.67428× 10−11m3kg−1s−2
ga gravitational acceleration at the Earth's equator
kS secular Love number kS = 0.9383
MS mass of the Sun
ME mass of the Earth
P perimeter (the beam path length) of a RLG
R0 mean radius of the Earth R0 = 6.371× 106m
RP rotation matrix between the ToGeRS and the PfRS
RE Earth rotation matrix between the GCRS and the ITRS
Wα gravitational potentials in the GCRS
Wαo gravitational potentials in the ToCRS
WαG gravitational potential in the ToGeRS
Xα GCRS coordinates (cT,X)
xα BCRS coordinates (ct,x)
XαP PfRS coordinates (cτ,XP )
XαG ToGERS coordinates (cτ,XG)
XαO ToCRS coordinates (cτ,Xo)
Zµ(τ) world line of the topocenter in the GCRS
Contents v
Aa spatial components of the 4-acceleration of the observer
(θ′, λ) geodetic co-latitude and longitude
(ξ0, η0) north-south and east-west components of local vertical deection respec-
tively
(h−, h0, h+) three DDW tidal parameters representing the radial displacement
(k′n, h
′
n, l
′
n) nth degree loading Love numbers
(k−, k0, k+) three DDW tidal parameters representing the incremental gravitational
potential
(l−, l0, l+) three DDW tidal parameters representing the horizontal spheroidal dis-
placement
(T ns, T ew) north-south and east-west components of the local tilt (observed by tilt-
meters) respectively
(w−, w+) two DDW tidal parameters representing the horizontal toroidal displace-
ment
BCRS Barycentric Celestial Reference System
CIP Celestial Intermediate Pole
DDW the work of Dehant et al. (1999)
DDW(HD) numerical DDW tidal parameters based on the hydrodynamic Earth
model
DDW(NON-HD) numerical DDW tidal parameters derived based on the non-
hydrodynamic Earth model
DPM Diurnal Polar Motion
EAM Eective Angular Momentum
FCN Free Core Nutation
FICN Free Inner Core Nutation
FOC Fluid Outer Core
GCRS Geocentric Celestial Reference System
GPS Global Position System
ICB Inner Core Boundary
ICW Inner Core Wobble
IERS International Earth Rotation and Reference Systems Service
vi Contents
IRP Instantaneous Rotation Pole
ITRS International Terrestrial Reference System
LOD Length of Day
MHB2000 the work of Mathews et al. (2002)
NDFW Nearly-Diurnal Free Wobble
OTL Ocean Tide Loading
PfRS Platform-attached Reference System
RLG Ring Laser Gyroscope
SG Superconducting Gravimeter
SIC Solid Inner Core
SLR Satellite Laser Ranging
SOS the theory of Sasao et al. (1980)
TCB Barycentric Coordinate Time
TCG Geocentric Coordinate Time
ToCRS Topocentric Celestial Reference System
ToGeRS Topocentric Geographic Reference System
ToRS Topocentric (proper) Reference System
VLBI Very Long Baseline Interferometry
List of Figures
1.1 Underground installation and surrounding conditions of the G-ring
laser (Schreiber et al., 2009). . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 The G-ring under development in the underground laboratory of the
Geodetic Observatory Wettzell. The picture was made by Carl Zeiss,
Inc.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 Schematic representation of the instrumental, orientation and rota-
tion models in RLG data analysis. . . . . . . . . . . . . . . . . . . . 4
1.4 The main geophysical and geodetic inuences on the G-ring. This
updated graph was made and provided by T. Klügel (private com-
munication). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.5 Charts representing the geodetic and geophysical eects on RLGs. . 7
2.1 Transformation from the GCRS to the ToCRS (parallel displace-
ment), where the curve 'c' and vectorV are the world line and velocity
of the topocenter P in GCRS coordinates. . . . . . . . . . . . . . . . 13
2.2 Transformation from the ITRS to the ToGeRS by a parallel displace-
ment of spatial coordinate lines. . . . . . . . . . . . . . . . . . . . . . 15
2.3 Transformation from the ToGeRS to the PfRS (by a time-dependent
rotation matrix RP). eA is the normal of the platform. . . . . . . . . 16
4.1 Observed polar motion of the CIP (based on the C04 series). . . . . 33
4.2 Observed polar motion of the IRP (synthetic time series derived from
the C04 series and a theoretical retrograde DPM model). . . . . . . . 34
4.3 Retrograde DPM amplitudes of the rigid Earth (M = |m̃|). . . . . . 40
4.4 The transfer functions of the purely elastic Earth model and SOS
Earth model with a uid outer core (q = |q̃|). The red line shows the
resonance frequency σFCN excited by the uid outer core. . . . . . . 42
4.5 Contributions from the SIC, ocean tides, electromagnetic couplings,
non-hydrostatic equilibrium eects and anelasticity of the mantel to
the nutation transfer function. . . . . . . . . . . . . . . . . . . . . . . 48
4.6 Retrograde DPM factors for dierent Earth models (Q = |Q̃|). . . . . 48
5.1 Oceanic polar motion in the semi-diurnal band. . . . . . . . . . . . . 53
5.2 Oceanic polar motion in the diurnal band. . . . . . . . . . . . . . . . 53
5.3 Semi-diurnal variation of LOD due to ocean tides. . . . . . . . . . . 55
5.4 Diurnal variation of LOD due to ocean tides. . . . . . . . . . . . . . 55
5.5 OTL eects on a north-south tilt-meter calculated by dierent OTL
softwares. The discrepancy ∆1 induced by selecting dierent OTL
softwares (GOTIC2 and SPOTL) (for clarity, ∆1 is oset by −5 nrad). 57
5.6 Same as Fig. 5.5, but by dierent Green's functions. The dierence
∆2 induced by selecting dierent Green's functions (1066A and G-B)
(for clarity, ∆2 is oset by −5 nrad). . . . . . . . . . . . . . . . . . . 57
viii List of Figures
5.7 Comparison between OTL calculations with dierent global ocean
tide models (for clarity, the curves are oset by 0, −4, −5, −6, −7,
−8, −9, −11 nrad from the top to bottom respectively). . . . . . . . 58
5.8 Contribution of local ocean tide models to OTL calculations (for clar-
ity, ∆3 is oset by −5 nrad). . . . . . . . . . . . . . . . . . . . . . . 58
5.9 The OTL eects on north-south tilt-meters, the G-ring and local
vertical deection at Wettzell (for clarity, the curve of the RLG is
oset by −7 nrad). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
6.1 Raw Sagnac frequency data from the G-ring and the intensity ratio
between the two beams propagating in the G-ring cavity. . . . . . . . 68
6.2 North-south tilt-meter observations and local air pressure records in
the Lab which are used as auxiliary data. . . . . . . . . . . . . . . . 68
6.3 Flowchart of estimation of retrograde DPM factor in the diurnal band. 69
6.4 Raw G-ring data and tilt corrections by north-south tilt-meter obser-
vations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
6.5 Ocean tide inuences on the G-ring data: loading eects and relevant
perturbations in Earth rotation. . . . . . . . . . . . . . . . . . . . . . 69
6.6 Earth tide tilt correction. . . . . . . . . . . . . . . . . . . . . . . . . 70
6.7 Removal of the target signal (retrograde DPM signal). . . . . . . . . 70
6.8 Despiking the non-harmonic residuals. . . . . . . . . . . . . . . . . . 71
6.9 Recovery of the retrograde DPM signal. . . . . . . . . . . . . . . . . 71
6.10 Digital high-pass lter (n30m30m2.nlf) available in ETERNA 3.40. 71
6.11 Frequency transfer function of the lter n30m30m2.nlf . . . . . . . . 72
6.12 The high-pass and low-pass part of the G-ring observations. . . . . . 72
6.13 Comparison between the estimated retrograde DPM signal and the
high-pass ltered G-ring observations (for clarity, the curve of 'Resid-
uals' is oset by −40µHz). . . . . . . . . . . . . . . . . . . . . . . . . 73
6.14 Spectrum of residuals after the least square adjustment. . . . . . . . 73
6.15 Comparison between the theoretical and estimated retrograde diurnal
polar motion in the frequency domain. . . . . . . . . . . . . . . . . . 73
6.16 Flowchart of tidal parameters estimations in the semi-diurnal band
(without air pressure correction). The green frame indicates that the
solid tide tilt inducing signal is recovered and estimated in the second
analysis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
6.17 The raw G-ring data, reduced data with a series of corrections and
high-pass ltered data: (a) the raw G-ring data, (b) the reduced
data by north-south tilt-meter observations, (c) further reduced by
loading eect and high frequency variations of Earth rotation due
to ocean tides, (d) further reduced by retrograde DPM signals, (e)
further reduced by the Earth tide signals, (f) the series after removing
spikes and steps, (g) recovery of Earth tide signals inducing Sagnac
frequencies, (h) the high-pass ltered part of the curve (g). . . . . . . 74
6.18 Comparison between the estimated Earth tide tilt and the high-pass
ltered Earth tide observation of the G-ring (no air pressure correc-
tion; for clarity, the curve of 'Residuals' is oset by −40µHz ). . . . 76
List of Figures ix
6.19 Spectrum of residuals (no air pressure correction). . . . . . . . . . . 77
6.20 Flowchart of tidal parameters estimations in the semi-diurnal band
(with air pressure correction). The green frames indicate that the air
pressure records are adopted in the third analysis. . . . . . . . . . . . 79
6.21 Comparison between the estimated Earth tide tilt and the high-pass
ltered Earth tide observations from the G-ring (with air pressure
correction; for clarity, the curve of 'Residuals' is oset by −40µHz). 79

List of Tables
1.1 Characterization of the running large RLGs (Schreiber and Wells,
2013). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
2.1 Basic instrumental and geodetic parameters of the G-ring used in this
Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.1 Numerical values of tidal Love numbers for the main partial tides
according to Dehant et al. (1999). . . . . . . . . . . . . . . . . . . . . 29
4.1 Compliances used in the SOS model. . . . . . . . . . . . . . . . . . . 43
4.2 Compliances used in the MHB1991 model. . . . . . . . . . . . . . . . 44
4.3 Coecients and constants used in the MHB2000 nutation model. . . 47
5.1 Coecients of sin(argument) and cos(argument) of semi-diurnal vari-
ations in pole coordinates m1, m2 and m3 caused by ocean tides.
γ denotes GMST+π, l = mean anomaly of the Moon, l′ = mean
anomaly of the Sun, F = L−Ω, D = mean elongation of the Moon
from the Sun, Ω = mean longitude of the ascending node of the
Moon, L the mean longitude of the Moon. The units of m1, m2 are
milliarcseconds (mas). m3 is a dimensionless quantity. . . . . . . . . 53
5.2 Coecients of sin(argument) and cos(argument) of diurnal variations
in the pole coordinates m1, m2 and m3 caused by ocean tides. The
units of m1, m2 are milliarcseconds (mas). m3 is a dimensionless
quantity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
5.3 Comparison between the solid Earth tide tilt and OTL tilt. . . . . . 58
6.1 DDW(HD) tidal parameters used in the modied ETERNA 3.40. . 65
6.2 DDW(NON-HD) tidal parameters used in the modied ETERNA
3.40. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
6.3 Estimation of retrograde diurnal polar motion for the main partial
tides. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
6.4 Estimations of diurnal and semi-diurnal tidal parameters for the G-
ring (no air pressure correction). . . . . . . . . . . . . . . . . . . . . 78
6.5 Estimations of diurnal and semi-diurnal tidal parameters for the G-
ring (with air pressure correction). . . . . . . . . . . . . . . . . . . . 81
xii List of Tables
A.1 Retrograde DPM models of IRP for ve dierent Earth mod-
els: DPMO (rigid Earth), DPM1 (elastic Earth), DPM2 (the SOS
model), DPM3 (the Earth model adopted by Wahr) and DPM4 (the
MHB2000 model). (k1, k2, k3, k4, k5, k6) are coecients of the
linear combination of astronomical arguments (τ = mean local lunar
time, s = mean lunar longitude, h = mean solar longitude, p = mean
longitude of lunar perigee, N ′ = negative mean longitude of lunar
ascending node, ps = mean longitude of solar perigee). . . . . . . . . 85
Chapter 1
Introduction
Contents
1.1 Sagnac Eect and Ring Laser Gyroscopes . . . . . . . . . . . 1
1.2 The G-ring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2.1 The G-ring and its Scientic Goals . . . . . . . . . . . . . . . 2
1.2.2 Data Analysis Strategy . . . . . . . . . . . . . . . . . . . . . 3
1.2.3 Scientic Applications of the G-ring . . . . . . . . . . . . . . 5
1.3 Objectives and Outline of this Work . . . . . . . . . . . . . . 5
1.1 Sagnac Eect and Ring Laser Gyroscopes
The Sagnac eect is named after the french physicist Georges Sagnac who both
predicted and observed the correlation of diurnal angular velocity of the Earth
and phase-shift of two counter-propagating beams in a passive polygonal ring
interferometer in 1913. Since the 1960s with the development of improved laser
technology more accurate and sensitive passive and active Sagnac interferometers
of various sizes were manufactured and employed as rotation sensors. On the
one hand small Ring Laser Gyroscopes (RLGs) have widely replaced traditional
mechanical gyroscopes as inertial navigation devices in commercial and military
elds. On the other hand theoretical investigations by Rotge et al. (1986) and
Höling (1990) have shown that large RLGs basically have the potential to detect
variations in Earth rotation.
For a locally stationary RLG in a terrestrial frame, the observed Sagnac eect,
i.e. a beat frequency ∆f between counter-propagating beams can be expressed as
(e.g., Stedman, 1997)
∆f =
4Ā
λ̄P
n·Ω, (1.1)
where, Ā, P , λ̄, n, Ω are the enclosed area, perimeter (beam path length), eective
optical wavelength, normal vector of a RLG and the Earth's rotation vector,
respectively. Eq. (1.1) is called the Sagnac equation in the following.
Since the 1990s several large RLGs (the C-II, G0, UG1 and UG2 in the
Cashmere cavern in New Zealand, the G-ring at Wettzell in Germany) were
constructed in close collaboration by the teams at the University of Canterbury and
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Table 1.1: Characterization of the running large RLGs (Schreiber and Wells, 2013).
Device P Ā τ P0 Q ∆f δΩ
[m] [m2] [µs] [nW] [Hz] [prad/(s
√
Hz)]
C-II 4 1 180 20 5.3× 1011 79.4 146.2
GEOs 6.4 2.56 1000 5 3× 1012 102.6 108.1
G0 14 12.25 829 50 2.5× 1012 288.6 11.6
G 16 16 1200 20 3.5× 1012 348.5 12
UG1 77 367.5 409 10 1.2× 1012 1512.8 17.1
UG2 121.4 834.34 640 10 1.5× 1012 2180 7.8
τ is the measured ring-down time, or photons' lifetime in the resonator.
P0 is the beam output power observed at the mirror.
Q is the quality factor.
∆f is approximate mean Sagnac frequency derived from Eq. (1.1).
δΩ is the quantum limit given in Eq. (1.2).
Oklahoma State University, the Forschungseinrichtung Satellitengeodäsie (FESG)
of the TU Munich and the Bundesamt für Kartographie and Geodäsie (BKG). The
performances of currently existing RLGs, given in Tab. 1.1, show their promising
abilities for applications in geodesy and geophysics (especially for the detection of
local ground vorticity, global Earth's rotation as well as solid Earth- and ocean
tides).
Among these RLGs, the G-ring is reckoned as the most stable one mainly due
to its entirely monolithic zerodur design. The latest detection of the Chandler
and annual wobble of the Earth with the G-ring illustrates its excellent long term
stability (Schreiber et al., 2011). Schreiber et al. (2012) demonstrate that the G-ring
recently has been frequency stabilized to within 60 kHz over a period of three months
by using the beat frequency of the G-ring laser and an iodine-stabilized reference
laser as a feedback signal on a pressure vessel enclosing the entire ring laser. In the
following work, we concentrate on the G-ring in Wettzell.
1.2 The G-ring
1.2.1 The G-ring and its Scientic Goals
The G-ring located at the Geodetic Observatory Wettzell in south-eastern Germany
is in operation since 2001. Its well-chosen location (latitude: 49.144◦, longitude:
12.878◦) makes the Earth tide tilt in the diurnal band and ocean tide loading eects
on the local tilt much smaller than the dominant signal resulting from diurnal polar
motion. The G-ring is housed in a purpose built underground laboratory which is
monitored by local environment sensors. The device rests horizontally on a polished
granite table which is embedded in a 90 t concrete monument. The monument is
attached to a massive 2.7 m diameter concrete pillar, which is founded on crystalline
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Figure 1.1: Underground installation and surrounding conditions of the G-ring laser
(Schreiber et al., 2009).
bedrock 10 m below the former surface (see Fig. 1.1). The G-ring is a 4 × 4m2
Zerodur plate with a Helium-Neon gas laser. Several special designs were applied to
keep the machine working with extreme stability. The total coecient of thermal
expansion is less than 10−8K−1. The mirrors' loss is only a few parts per million.
A set of six specially designed platform Lippmann tilt-meters are arranged on the
G-ring laser body to measure its tilt simultaneously (Fig. 1.2).
Its scientic goals for Earth rotation monitoring are (Schreiber et al. (2009)):
• detection of short-term spin uctuations of the Earth with a resolution of 10−9;
• detection of short-term polar motion with a resolution of 0.2mas or 6mm;
• near real time acquisition of data with a temporal resolution of 1 hour or less.
1.2.2 Data Analysis Strategy
Based on the Sagnac equation (Eq. (1.1)), three groups of parameters appearing in
the equation should be modeled separately. These are the instrumental model for
the scaling factor, rotation model for the rotational vector and orientation model
for the normal of the RLG (see Fig. 1.3).
1.2.2.1 Instrumental Model
An instrumental error model contains (e.g., Velikoseltsev , 2005; Schreiber and Wells,
2013):
• a scaling factor correction KV ,
• a null shift errors ∆f0 due to any cavity non-reciprocity and
• elements that describe back-scatter eects ∆fbs due to non-linear couplings
between the two laser beams.
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Figure 1.2: The G-ring under development in the underground laboratory of the Geodetic
Observatory Wettzell. The picture was made by Carl Zeiss, Inc..
In this Thesis, however, we do not investigate the issue of an instrumental model.
More details on the determination of the instrumental factors are discussed in detail
by Velikoseltsev (2005).
1.2.2.2 Global Versus Local Eects
The orientation and rotation models are divided into two parts: a global- and a
local- (or regional) part. The global models which we concentrate on in this Thesis
consist of an Earth tide model, an Earth rotation model and relativistic eects
considered as part of a global model as well. In addition to that oceanic eects on
rotation and local tilt are considered as part of the global inuence in this Thesis,
even though these eects are expected to be very small. We will demonstrate below
that the inuence from ocean tides is visible in the spectrum of data residuals and
therefore, should be taken into account for interpreting the diurnal and sub-diurnal
harmonic signals at the level of 10−7Hz.
The local (or regional) model is investigated extensively by the G-ring group in
Wettzell based on local and regional environment observations (air pressure, wind
velocity, underground water level etc.). It is remarkable that the atmospheric load-
ing on the local geometrical tilt and the regional wind stresses over an area of
10 km × 10 km on the local ground rotation can be detected by the G-ring (Klügel
and Wziontek , 2009; Gebauer et al., 2012). However, most of the local and regional
eects are not harmonic signals, appearing in the raw data as noises. Even though
these local and regional eects cannot be modeled as accurately as the following
global eects with harmonic property, well-designed local and regional models based
on the environment observations are very helpful to reduce the noise level and to
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Figure 1.3: Schematic representation of the instrumental, orientation and rotation
models in RLG data analysis.
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rene the global models further.
1.2.3 Scientic Applications of the G-ring
The performance of the G-ring is characterized by its resolution and stability. Based
on the irreducible quantum noise of the ring laser (e.g., Stedman, 1997; Schreiber
and Wells, 2013), the fundamental limit of the sensitivity to variations in rotation
is given by
δΩ =
cP
4AQ
√
ℏω
Px
1√
t
, (1.2)
where c the velocity of light; Q the quality factor of the ring cavity; ℏ Planck's
constant; ω the optical laser frequency; Px the beam power loss from the cavity
and t the observation time. This fundamental limit for the currently running large
RLGs is given in Tab. 1.1.
The RLG's stability is described by the Allan variance (Blair and Morgan, 1972).
σ2 =
1
2(n− 1)
n−1∑
k=1
(fk+1 − fk)2 , (1.3)
where fk and fk+1 are two subsequent data samples and n is the number of samples
in the considered segment. The corresponding Allan deviation of the G-ring for
dierent periods of time is shown in Fig. 1.4, where main local and global geodetic
and geophysical inuences and their detectabilities are shown as well (Klügel et al.,
2006).
Currently the main elds of application of the G-ring data in geophysics are,
e.g.,:
• Earth tides (e.g., Schreiber et al., 2003; Tian et al., 2012),
• Earth's rotation (e.g., diurnal polar motion (e.g., Schreiber et al., 2004) and
the Chandler-Wobble (Schreiber et al., 2011)),
• free oscillations of the Earth (e.g., Igel et al., 2011; Nader et al., 2012) and
• rotational seismology (e.g., Schreiber et al., 2009).
1.3 Objectives and Outline of this Work
As the G-ring has been improved drastically so that its sensitivity now reaches a
level of less than 1 × 10−8 or better (Schreiber et al., 2008), the need for correct
and accurate physical models is obvious. The G-ring experiences variations in
Earth's rotation and orientation of the platform excited by dierent sources. This
motivated us to rene the models of rotation and orientation variations, which
must be correctly separated from the raw data if the RLG is employed as a sensor
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Figure 1.4: The main geophysical and geodetic inuences on the G-ring. This updated
graph was made and provided by T. Klügel (private communication).
for rotation or tilt monitoring.
This Thesis addresses two general aspects:
A. the development of an improved global orientation and rotation model of the
G-ring;
B. two applications of RLG observations in geophysics.
In Chapter 2 RLG observations are interpreted in a relativistic framework,
based on the new-constructed Topocentric Celestial Reference System (ToCRS)
and ToGeRS (Topocentric Geographic Reference System) (Soel and Tian, 2012).
Here, we further introduce seven parameters1 to construct a local platform-attached
Reference System (PfRS) (e.g., a Zerodur platform horizontally2 mounted3 on
the Earth surface). Once a PfRS has been dened, the RLG performance can
be completely and consistently interpreted in a local proper reference frame
constructed in the rst post-Newtonian (PN) approximation of Einstein's theory of
gravity.
1 two parameters for latitude and longitude variation of platform center, one parameter for az-
imuth variation, two parameters for deection of the vertical and two parameters for tilt variations.
2horizontally means the normal of the platform aligns with the local plumb line at the installa-
tion time. Meanwhile the deection of the vertical should be measured for determining the absolute
orientation in the International Terrestrial Reference System (ITRS).
3the way to mount the platform is very important to evaluate the coupling eects between the
platform and the bedrock.
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In Chapter 3 we develop an improved orientation model for the Sagnac platform,
based on the numerical results of Dehant et al. (1999). This Earth tide theory is
called DDW in the following. All terms of the rst order in the Earth's ellipticity
are considered for the Earth tide tilt and vorticity. A tilt term that is missing in
previous RLG tilt correction models is identied (Tian et al., 2012).
In Chapter 4, based on the Euler-Liouville equations or nutation transfer func-
tions (Sasao et al., 1980; Wahr , 1981a; Mathews et al., 2002) for a rigid Earth, a
purely elastic Earth, a two-layered Earth and a three-layered Earth, ve retrograde
diurnal polar motion (DPM) models are computed. The main improvements of
the nal three-layered retrograde DPM model in comparison with older models
are (Tian et al., 2011): 1) usage of the tidal potential catalogue of Hartmann and
Wenzel (1995) replacing the one of Cartwright and Tayler (1971) and Cartwright
and Edden (1973) used in the model of Brzezinski (Brzezi«ski , 1986); 2) based on
the nutation transfer function derived by Mathews et al. (2002) (this reference is
called MHB2000 thereafter). MHB2000 considered the inuence of the Solid Inner
Core (SIC), mantle an-elasticity, ocean loading and electromagnetic coupling eects.
Due to the importance of oceanic eects on the G-ring, oceanic eect on sub-
daily variations of Earth rotation rotation and loading eect on tilt are investigated
in Chapter 5. Therefore the models of the International Earth Rotation and
Reference Systems Service (IERS) for polar motion and Length of Day (LOD) in
the diurnal and sub-diurnal bands (Petit et al., 2010) are converted to quantities
for the Instantaneous Rotation Pole (IRP). The local tilt caused by ocean tides
loading is calculated by the software GOTIC2 (Matsumoto et al., 2001). The global
ocean tide model NAO.99b available in GOTIC2 is used and the response of the
G-ring and the north-south tilt-meters to 9 semi-diurnal tidal waves ( M2, S2, N2,
K2, 2N2, µ2, ν2, L2, T2) and 7 diurnal tidal waves (K1, O1, M1, J1, P1, Q1, OO1)
are calculated.
All the above mentioned models are represented in three charts for better viewing
the geodetic and geophysical eects considered in this Thesis (see Fig. 1.5).
In Chapter 6 we focus on the data analysis. The widely adopted Earth tide
software ETERNA (Wenzel , 1996) is employed to process the RLG and north-south
tilt-meter data. For this, the original ETERNA 3.40 package has been modied
in two respects: rst, theoretical Earth tide parameters are updated, and second,
a new code mode is added, so that the modied ETERNA 3.40 can analyze RLG
data, simply by modifying some parameters in the control les.
The G-ring data from April 30 to October 17, 2010 was analyzed. Two
examples of data analysis are provided: 1) the parameters related to the retrograde
DPM terms for ve main partial tides (Q1, O1, M1, K1, J1) are estimated; 2) an
estimation of semi-diurnal tidal parameters is made for investigating the inuence
from the cavity and topographic eects on tilt parameters and local air pressure
variations.
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Figure 1.5: Charts representing the geodetic and geophysical eects on RLGs.
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This Thesis ends with short summaries of data modeling, conclusions and sug-
gestions for future work.
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2.1 Construction of a Local Proper Reference Frame
2.1.1 The GCRS
The so-called Geocentric Celestial Reference System (GCRS) will be the starting
point of our further considerations. For problems related with the Earth or space
near the Earth it represents some sort of space-xed coordinate system. The GCRS
is not a local inertial system, since it is dened as being kinematically non-rotating
with respect to the Barycentric Celestial Reference System (BCRS). A dynamically
non-rotating geocentric system will therefore rotate with respect to the GCRS.
Due to this rotation, relativistic Coriolis forces appear in the dynamical equations
of motion, e.g., for articial satellites. The GCRS coordinates are usually denoted
by Xα = (cT,X), where T is the Geocentric Coordinate Time (TCG). The BCRS
coordinates are denoted by xα = (ct,x), where t is the Barycentric Coordinate
Time (TCB).
Let us write the transformation of spatial coordinates in the form (Soel et al.,
2003)
Xa = Rai
[
riE +
1
c2
(. . . )
]
+O(c−4) , (2.1)
12 Chapter 2. The Basic Observables of a RLG
where rE = x − xE and Rai a rotation matrix. xE is the position of the Earth
in BCRS coordinates. If Rai = δai, the geocentric coordinates X are said to be
kinematically non-rotating with respect to the BCRS, and the orientation of the
spatial BCRS coordinates implies a corresponding orientation of the spatial GCRS
coordinates.
The GCRS metric tensor is written with gravitational potentials W (T,X) and
W a(T,X):
G00 = −1 +
2W
c2
− 2W
2
c4
+O(c−5),
G0a = −
4
c3
W a +O(c−5), (2.2)
Gab = δab
(
1 +
2
c2
W
)
+O(c−4)
and the corresponding eld equations in the harmonic gauge take the form:(
− 1
c2
∂2
∂T 2
+∇2
)
W = −4πGΣ +O(c−4) , (2.3)
∇2W a = −4πGΣa +O(c−2) , (2.4)
where Σ denotes the gravitational mass density and Σa denotes the mass-current
density.
Of special interest is the formal linearity of the GCRS eld equations that implies
a unique splitting of the metric potentials W and W a in the form
W =WE +Wext, W
a =W aE +W
a
ext . (2.5)
Here, WE and W aE are the metric potentials of the Earth. Considering only the
mass-monopole of the Earth,
W =
GME
R
, (2.6)
where ME is the post-Newtonian (Blanchet-Damour) mass of the Earth and
R = |X|.
To a good approximation
W aE = −
G
2
(X× SE)a
R3
, (2.7)
where SE denotes the Earth's total angular momentum (spin-dipole). Correspond-
ing gravito-magnetic type eects are usually called Lense-Thirring eects.
It is useful to expand the external potentials further
Wext =Wtid +Winer , W
a
ext =W
a
tid +W
a
iner , (2.8)
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where the tidal parts depend quadratically and the inertial parts linearly upon Xa.
Of special importance is the term
W ainer = −
1
4
c2εabcΩ̄
b
inerX
c . (2.9)
It describes a Coriolis force that appears because the GCRS does not represent
a local inertial system. This Coriolis force is dominated by geodetic precession, with
Ω̄iner ≃ Ω̄GP =
3
2
GMS
c2
xE × vE
r3E
, (2.10)
where MS denotes the solar mass and vE is the velocity of the Earth in the BCRS.
This geodetic precession results from the orbital motion of the Earth about the
barycenter; it amounts to about 2′′/century. Due to the eccentricity of the Earth's
orbit Ω̄iner also leads to an annual nutation term.
2.1.2 Topocentric Reference Systems
Starting with the GCRS we will now construct a local topocentric (proper) reference
system (ToRS). We will assume the origin of such a ToRS to coincide with some
observer located on (or near) the surface of the Earth. The purpose of a ToRS is to
describe local laboratory physics by taking relativistic eects into account. Topocen-
tric coordinates will be denoted by (cτ,Xo), where τ should agree with the proper
time of the observer. Since we will consider only a small spatial extension of the
ToRS we will restrict the metric tensor to linear terms and assume the topocentric
metric to be of the form (labeled by the index 'o')
Go00 = −1 +
2Wo
c2
,
Go0a = −
4
c3
W ao , (2.11)
Goab = δab
(
1 +
2
c2
Wo
)
,
neglecting higher order terms. Clearly we can assume the observer to be massless,
so in the language above there will be no self-parts in the ToRS.
2.1.3 ToRS and the Klioner-Soel Formalism
Conceptually such a ToRS has (indirectly) already been constructed in the litera-
ture (e.g., Klioner and Soel , 1998). In the following we will be especially interested
in the gravito-magnetic potential W ao experienced by the observer. Allowing for an
arbitrary rotation matrix between the GCRS spatial vector, X, and its topocentric
counterpart, Xo, this reference (Eqs. (10) and (22)) gives
Wo = QaX
a
o (2.12)
W ao =
1
2
εabcCbX
c
o (2.13)
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and
c2RaiṘaj = −2εijkRakCa − 4W [i,j] + 3V [iW ,j] + V [iRaj]Qa . (2.14)
Here the dot stands for the time derivative with respect to T , the potentials on the
right hand side refer to the topocenter and a[ibj] = (aibj − ajbi)/2. To Newtonian
order (e.g., Soel et al., 2003)
Qa =W,a −
dV a
dT
= −Aa , (2.15)
where Aa are the spatial components of the 4-acceleration of the observer, i.e., the
acceleration as seen from a freely-falling system. For an observer tied to the surface
of the Earth to a good approximation
Aa ≃ −W,a . (2.16)
The ToCRS
Let us recall that the ToCRS is kinematically non-rotating with respect to the
GCRS. For the ToCRS, Raj = δaj and, therefore,
2εijkCk = 3V
[iW ,j] − 4W [i,j] − V [iAj] ,
so that in the ToCRS
W ao = (W
[a,b] − 3
4
V [aW ,b] +
1
4
V [aAb])Xbo . (2.17)
Let us compare this expression with the one given in (Misner et al., 1973).
Writing
Go0a =
1
c
εabcΩ
b
inerX
c
o = −
4
c3
W ao (2.18)
or
W ao = −
1
4
c2εabcΩ
b
inerX
c
o , (2.19)
we get
Ωiner = ΩGP +ΩLT +ΩT (2.20)
with
ΩGP = −
3
2c2
V ×∇W , (2.21)
ΩLT = −
2
c2
∇×W , (2.22)
ΩT =
1
2c2
V ×A , (2.23)
where again quantities on the right hand side refer to the topocenter. If we de-
note the angular velocity from (Misner et al., 1973, (40.33)) by Ωrp, we see that
Ωiner = −Ωrp which is clear sinceΩrp denotes the relativistic precession of a torque-
free gyro with respect to a kinematically non-rotating system (in the case of (Misner
et al., 1973) with respect to some asymptotic xed-star oriented frame; see, (e.g.,
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Figure 2.1: Transformation from the GCRS to the ToCRS (parallel displacement), where
the curve 'c' and vector V are the world line and velocity of the topocenter P in GCRS
coordinates.
Soel , 1989)). Here the geodetic-precession term, ΩGP results from the velocity of
the Earth-bound observer with respect to the GCRS. The Lense-Thirring preces-
sion, ΩLT, results mainly from Earth's intrinsic angular momentum (spin) and the
Thomas precession, ΩT, from the non-gravitational forces that keep the observer
at rest on the surface of the Earth. Note that A points upwards, i.e., towards the
zenith of the observer.
2.1.4 The ToCRS Derived in the DSX-Formalism
In Klioner and Soel (1998) the local metric was derived by matching of the GCRS
with the ToCRS metric by considering the coordinate transformation from the
GCRS to the ToCRS. As a useful check we have redone this matching according
to the DSX formalism by considering the transformation from the ToCRS to the
GCRS (see Fig. 2.1).
One starts with
Xµ = Zµ(τ) + eµa(τ)X
a
o + ξ
µ(τ) , (2.24)
where ξ is at least quadratic in Xo. Zµ(τ) describes the world line of the topocenter
in the GCRS. Thus
eµα =
∂Xµ
∂Xαo
(τ,0) . (2.25)
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From (Damour et al., 1991, Eq.(5.21)), we nd
e00 = 1 +
Wgeo(Z)
c2
, (2.26)
e0a = R
i
a
[
V i
c
(
1 +
1
c2
(
1
2
V2 + 3W (Z)
))
− 4
c3
W i(Z)
]
, (2.27)
eia =
(
1− W (Z)
c2
)(
δij +
1
2c2
V iV j
)
Rja , (2.28)
where
Wgeo =W (Z) +
1
2
V2 =W (Z) +
1
2
(ΩE × Z)2
is the geo-potential as sum of gravitational and centrifugal potential. V is the
velocity of the topocenter in the GCRS. Also (see Damour et al., 1991, Eq.(2.26))
ξi =
1
c2
eia
[
1
2
AaX
2
o −Xao (A ·Xo)
]
, (2.29)
where A are the spatial components of the (Minkowskian) 4-acceleration of the
topocenter.
The formal matching equation is nothing but the transformation rule for the
metric tensor:
Goαβ = A
µ
αA
ν
βGµν , (2.30)
where Aµα is the Jacobi-matrix:
Aµα ≡
∂Xµ
∂Xαo
. (2.31)
E.g., for the gravito-magnetic potential in some ToRS we get
W ao =
c3
4
A00A
0
a
(
1− 2W
c2
)
+A00A
b
aWb
+Ab0A
0
aWb −
c3
4
Ab0A
c
aδbc
(
1 +
2W
c2
)
. (2.32)
The components of the Jacobi matrix are given by (the dot indicates derivative
with respect to τ)
A00 = e
0
0 +
1
c
ė0cX
c
o , (2.33)
Ai0 = e
i
0 +
1
c
ėicX
c
o , (2.34)
A0a = e
0
a , (2.35)
Aia = e
i
a + ξ
i
,a . (2.36)
A straightforward but tedious calculation yields for the ToCRS:
W ao = Wa,bX
b
o −W,bV aXbo +
3
8
(A ·Xo)V a
+
1
8
(V ·Xo)Aa −
1
4
(A ·V)Xao . (2.37)
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So far we have not used the gauge condition on the ToRS. It can be shown that
for the harmonic gauge the topocentric gravito-magnetic potential, W ao , has to be
of the form
W ao =
1
2
εabcCbX
c
o .
For that reason the symmetric part on the right hand side of Eq. (2.37) can be
eliminated by a gauge transformation and since
Ab = Ab + ∂bW ,
we again end up with relation (2.17).
2.1.4.1 The Topocentric Geographic Reference System
We now want to introduce some Topocentric Geographic Reference System which
has no kinematical rotation with respect to the ITRS (see Fig. 2.2). The ITRS
spatial coordinates, XG, dier from the GCRS ones, X, by a pure rotation:
XiG = (RE)
i
aX
a . (2.38)
Here, the Earth-rotation matrix is given by:
RE = WRNPB , (2.39)
where the matrices on the right hand side are: the polar motion matrix, W, the
sidereal rotation matrix, R, the nutation matrix, N , the precession matrix, P, and
the bias matrix B (Petit et al., 2010). LetΩ, the Earth rotation velocity as measured
from the GCRS, be dened by
(ṘE)
i
c(RE)
i
a = εabcΩ
b . (2.40)
Here, the dot again refers to T = TCG. In the ToCRS this quantity must be
expressed in terms of local proper time τ . According to the denition of e00 we get
dτ
dT
= 1− Wgeo(Z)
c2
. (2.41)
For that reason
ΩE = Ω
(
1 +
Wgeo(Z)
c2
)
(2.42)
is the Earth's angular velocity as measured with the proper time of the observer,
where Ω is the instantaneous rotation vector (ω1, ω2, ω3), or Ω0(m1,m2, 1+m3), as
measured by the traditional geodetic techniques (e.g., VLBI).
The linearized metric in the ToGeRS is of our canonical form with poten-
tials (e.g., Klioner and Soel , 1998; Misner et al., 1973)
WG = −A ·XG (2.43)
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Figure 2.2: Transformation from the ITRS to the ToGeRS by a parallel displacement of
spatial coordinate lines.
and
W aG = −
c2
4
(ΩG ×XG)a (2.44)
with
ΩG = ΩE +Ωiner . (2.45)
The terms from geodetic and from Thomas precession can be combined, since in
our case A = −∇W :
Ωiner = ΩGPT +ΩLT (2.46)
with
ΩGPT = −
2
c2
V ×∇W , (2.47)
ΩLT = −
2
c2
∇×W .
2.1.5 Construction of the PfRS
The ToGeRS is a reference frame centered at the observer and aligned with the
orientation of the ITRS. However, a local platform is tilting and rotating locally
due to the Earth tides and other geophysical inuences. For these reasons a local
reference system attached to a local platform (called PfRS) will dier from the
ToGeRS. So we need a PfRS which has no relative translation, rotation and tilt
with respect to the platform itself (see Fig. 2.3).
The transformation between the ToGeRS and the PfRS (thus dening the
PfRS) is written in the form
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Figure 2.3: Transformation from the ToGeRS to the PfRS (by a time-dependent rotation
matrix RP). eA is the normal of the platform.
TP = τ , (2.48)
XiP = (RP )
i
aX
a
G . (2.49)
Here, RP is a rotation matrix in terms of seven geodetic parameters
RP = RX(T
ew)RY(T
ns)RX(−η0)RY(−ξ0)RZ(α)RY(θ′)RZ(λ) , (2.50)
where the rotation matrices RX(a), RY(a) and RZ(a) are expressed by
RX(a) =
 1 0 00 cos a sin a
0 − sin a cos a
 ,
RY(a) =
 cos a 0 − sin a0 1 0
sin a 0 cos a

and
RZ(a) =
 cos a sin a 0− sin a cos a 0
0 0 1
 ,
co-latitude θ′ = 90◦−ϕ′, the angle α is the azimuth of the direction opposite to the
x-axis of the PfRS. It can be split in two parts,
α = α0 + dα , (2.51)
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where initial azimuth error α0 = α(t0), dα is the time-dependent azimuth. The
time-dependent azimuth dα induced by local ground rotation will be discussed in
Chapter 3.
The local vertical deection consists of two components: the north-south
component between astronomical and geodetic latitude ξ0 = Φ0 − ϕ′0, and the
east-west component related to the dierence between astronomical and geodetic
longitude, η0 = (Λ0 − λ0) cosϕ0.
Two parameters T ns and T ew are tilts of the platform (on which the RLG cavity
is installed) with respect to the local plumb line,
T ns = T ns0 + dT
ns , (2.52)
T ew = T ew0 + dT
ew , (2.53)
where T ns0 = T
ns(t0) and T ew0 = T
ew(t0) are observed by north-south and east-west
tilt-meters respectively at the time t0 (positive in northern and eastward directions).
By adjusting the platform, we can dene and realize a level platform whose normal
is aligned with the local plumb line for a horizontally mounted RLG. Note that,
due to the ground displacement, platform will tilt. Therefore two tilt angles dT ns
and dT ew must be introduced to describe platform's real-time orientation.
We then have
W aP = −
c2
4
(ΩP ×XP)a (2.54)
with
ΩP = ΩG +ΩL . (2.55)
Let ΩL, the local rotation velocity caused by the Earth's displacement eld (i.e.,
by the elastic deformations of the Earth) as measured from the ToGeRS, be dened
by
(ṘP)
i
c(RP)
i
a = εabcΩ
L
b . (2.56)
Finally three components of the metric tensor in the PfRS, associated with ΩP,
are written in the form
GP0a = −
4
c3
W aP , (2.57)
which will be used in the next Subsection to interpret the Sagnac eect of a RLG
in the framework of general relativity.
Note that the construction of the PfRS so far is not complete. For instance,
the scalar potential WP in the PfRS is not given explicitly. However from the next
Section, one can see that only the gravito-magnetic potential W aP plays a role in the
derivation of the Sagnac eect of a RLG in a local proper reference system (e.g., the
PfRS in this Thesis).
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2.2 Relativistic Theory of a RLG
Chow et al. (1985) derived an expression for the Sagnac eect of passive and active
RLGs in the framework of general relativity. In their theory, the metric in a local
proper reference frame has the form:
gµν = ηµν + hµν =

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
+

0 h01 h02 h03
h01 0 0 0
h02 0 0 0
h03 0 0 0
 .
By solving the wave equation for the electric eld in the ring laser cavity, the
nal Sagnac frequency shift can be expressed in the terms of the metric
∆f = ω− − ω+
=
2c
λP
∫ ∫
Ā
(▽× h) · dĀ ∼=
2Āc
λP
(▽× h) · n , (2.58)
where ω+ and ω− are two resonance frequencies of clockwise and anti-clockwise
propagating beams, the relevant local gravito-magnetic potential h = (h01, h02, h03)
and dĀ = dĀn, where n is the normal of the RLG, dĀ is the area of an integrated
unit within the region enclosed by laser beams.
Scully et al. (1981) give a derivation of Sagnac phase shift for a passive ring
laser, starting with a more general metric of a local proper frame
gµν =

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
+

h00 h01 h02 h03
h01 h11 h12 h13
h02 h12 h22 h23
h03 h13 h23 h33
 .
Based on the phase shift for a passive ring laser (Scully et al., 1981, Eq.9)
∆S =
ω
2
∫ t1
t0
(hµνn
µnν)dt, (2.59)
we dene a frequency-independent quantity
∆L = ∆S · λ = c
2
∫ t1
t0
(hµνn
µnν)dt , (2.60)
where ∆S is the phase shift in one cycle, ω, λ and nµ = ckµ/ω are the frequency,
wavelength and the unit tangent to the traversed path of a specic beam respec-
tively. The last three components of a 'Minkowskian' null vector kµ ≡ (ω/c,k) is
the wave vector appearing in any standard textbook of Electrodynamics.
For the clockwise and counter-clockwise path-lengths, one nds
∆L+ =
c
2
∫ t1
t0
(h00 + 2h0in
i + hijn
inj)dt (2.61)
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and
∆L− =
c
2
∫ t1
t0
(h00 − 2h0ini + hijninj)dt . (2.62)
Therefore the corresponding wavelength (or resonance frequency), for each beam
propagating clockwise or anti-clockwise respectively, can be determined by the res-
onant condition (e.g., Bosi et al., 2011):
L0 +∆L
+ = n · λ+ (2.63)
and
L0 +∆L
− = n · λ− , (2.64)
where L0 is the length of the cavity as measured in the local inertial frame. n is an
integer number which is the same for both beams.
Obviously
∆L+ −∆L− = n · (λ+ − λ−) = ncω
− − ω+
ω+ω−
. (2.65)
Substituting Eq. (2.61) and (2.62) into Eq. (2.65), one can derive the same expression
as Eq. (2.58) for an active ring laser.
∆f = ω− − ω+
=
2ω+ω−
nc
∮
(h0i)dl
i
∼=
2c
λ̄P
∫ ∫
Ā
(▽× h) · dĀ , (2.66)
where P = L0 and Stokes's Theorem has been used in the last step. Note that
the starting metric of a local proper frame is more general than that of Chow et al.
(1985).
We come back to the new-constructed local proper reference system PfRS. In
the PfRS, hP = (GP01, G
P
02, G
P
03), which is given in Eq. (2.5), therefore
hP =
ΩP ×XP
c
(2.67)
and
∇× hP = 2Ω
P
c
. (2.68)
So the nal expression of Sagnac frequency shift in PfRS can be written in the form
∆f = K ·ΩP · n , (2.69)
where the scale factor K is given by
K =
4Ā
λ̄P
. (2.70)
2.3. Parameters in the RLG Observation Equation 23
Table 2.1: Basic instrumental and geodetic parameters of the G-ring used in this Thesis .
Instrumental parameter Value (Schreiber and Wells, 2013)
Ā 16.00m
P 16.00m
c 299792458m/s
λ̄ 632.9910169 nm
KV 0
∆f0 0
∆fbs 0
Geodetic parameter Value (Schlüter et al., 2005)
ϕ0 49.144
◦
ϕ′0 48.954
◦
λ0 12.878
◦
T ns0 0
◦
T ew0 0
◦
η0 0
◦
ξ0 0
◦
α0 0
◦
2.3 Parameters in the RLG Observation Equation
If instrumental errors are taken into account, the Sagnac equation will be expressed
in the form (or see Fig. 1.3)
∆f = K(1 +Kv)n ·ΩP +∆f0 +∆fbs , (2.71)
where Kv describes variations of the scale factor, ∆f0 and ∆fbs describe a null
frequency-shift and a shift caused by the backscatter eect. More details on such
an instrumental model can be found in (Velikoseltsev , 2005). In this Thesis instru-
mental eects will not be discussed.
2.3.1 The Instrumental Parameters
The numerical values of the instrumental parameters, listed in Tab. 2.1, will be used
in our data analysis.
2.3.2 Geodetic Parameters for Constructing the PfRS
2.3.2.1 The location of the device: geodetic latitude and longitude
The normal of a reference ellipsoid can be expressed in terms of its geodetic latitude
(ϕ′) and longitude (λ) in the ToGeRS. Its variations given by (dϕ′, dλ) ≈ (dϕ, dλ)
due to Earth's tides will be discussed in Chapter 3. We have to mention here
that geocentric latitude ϕ will be used in our Earth tide model instead of geodetic
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latitude. Their relation is given by
tan(ϕ) =
(
1− e2RN
RN + h
)
tan(ϕ
′
) , (2.72)
where RN = a/
√
(1− e2 sin2(ϕ′), the eccentricity and major semi axis of the Earth
(Geodetic Reference System 1980) are e2 = 0.00669438 and a = 6378137 m, The
approximate geodetic height of Wettzell h = 660m (Schlüter et al., 2005). For the
geodetic latitude of 49.144◦N at Wettzell, the corresponding geocentric latitude is
48.954◦N.
2.3.2.2 Initial installation parameters
Three parameters ξ0, η0, α0 are needed to specify the initial orientation of the
device as it is initially installed.
ξ0 and η0 describe the initial deection between the normal of the reference
ellipsoid and the local plumb line at (ϕ′0, λ0). Once a platform is installed on
the Earth's surface (e.g., according to the local plumb line), the platform's initial
orientation is xed at the installation moment. This initial orientation will not
be varied with the real-time local plumb line, so that dξ and dη have no further
inuence on the platform's orientation variation, unless the platform is re-oriented.
The third initial orientation parameter α0 species a reference direction for the
x-axis of the PfRS within the platform plane. However it is dicult to determine
the azimuth precisely in the underground lab, since there are no reference objects
(such as, stars or known physical points). Fortunately, when the tilt-meters are set
near to a north-south or east-west direction, a small error of azimuth practically
does not aect the amplitude signicantly (see Melchior , 1983, Tab. 8.1). Therefore
we will ignore the eect induced by installation azimuth-error and set α0 to 0◦
mathematically for clearly dening x- and y-axis of the PfRS.
The local ground vorticity inducing dα varies with time and contributes a local
rotation to the platform additionally. This will be considered in Chapter 3.
The initial tilts T ns0 and T
ew
0 are set to zeros in order to align the platform's
normal and local plumb line at the installation time t0. This implies that the
measured tilts at the time t0 by north-south and east-west tilt-meters are zeros.
The time-dependent geometrical tilts (dT ew, dT ns) are caused by ground dis-
placements. The main excitation sources consist of the Earth's- and ocean tides (es-
pecially for coastal stations), non-periodic global loading sources within the Earth
system (such as the ocean, atmosphere etc.) and regional and site-dependent sources
(e.g., wind, underground water, local geological properties). In this Thesis only pe-
riodic variations in (dT ew, dT ns) are modelled in Chapter 3 and 5 for the Earth's-
and ocean tides respectively.
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2.3.3 Rotation Vector in the PfRS
The platform coordinate system PfRS is a local proper frame in which the rotation
vector enters into the metric tensor as was discussed above. Considering
ΩP = ΩG +ΩL , (2.73)
where ΩG given in Eq. 2.45, ΩL the rotation caused by Earth's tides as discussed
in Chapter 3. The rotation vector ΩP can be expanded in the PfRS:
ΩP1 = {
[
(cosT ns cosα+ sinT ns sinT ew sinα) cos θ′ − sinT ns cosT ew sin θ′
]
cosλ
− (cosT ns sinα− sinT ns sinT ew cosα) sinλ}ΩG1
+{
[
(cosT ns cosα+ sinT ns sinT ew sinα) cos θ′ − sinT ns cosT ew sin θ′
]
sinλ
+(cosT ns sinα− sinT ns sinT ew cosα) cosλ}ΩG2
+
[
− (cosT ns cosα+ sinT ns sinT ew sinα) sin θ′ − sinT ns cosT ew cos θ′
]
ΩG3
+ΩL1 ,
(2.74)
ΩP2 = −
((
cosT ew sinα cos θ′ + sinT ew sin θ′
)
cosλ+ cosT ew cosα sinλ
)
ΩG1
+
((
− cosT ew sinα cos θ′ − sinT ew sin θ′
)
sinλ+ cosT ew cosα cosλ
)
ΩG2
+
(
cosT ew sinα sin θ′ − sinT ew cos θ′
)
ΩG3
+ΩL2 ,
(2.75)
ΩP3 = {
[
(sinT ns cosα− cosT ns sinT ew sinα) cos θ′ + cosT ns cosT ew sin θ′
]
cosλ
− (sinT ns sinα+ cosT ns sinT ew cosα) sinλ}ΩG1
+{
[
(sinT ns cosα− cosT ns sinT ew sinα) cos θ′ + cosT ns cosT ew sin θ′
]
sinλ
+(sinT ns sinα+ cosT ns sinT ew cosα) cosλ}ΩG2
+
(
− (sinT ns cosα− cosT ns sinT ew sinα) sin θ′ + cosT ns cosT ew cos θ′
)
ΩG3
+ΩL3 ,
(2.76)
where ξ0 = 0◦, η0 = 0◦ has been assumed, implying that the RLG platform is
installed horizontally. (ΩG1 , Ω
G
2 , Ω
G
3 ) are three components of Ω
G in the ToGeRS.
2.3.4 Sagnac Eect Interpreted in the PfRS
For the horizontally mounted G-ring, its normal vector can be expressed by
n = eA = (0, 0, 1)
T (2.77)
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and the Sagnac equation written in the PfRS reads
∆f = KΩP · n
= KΩP3 . (2.78)
Considering only rst order terms in Eq. (2.76), we obtain
∆f = K{sin θ′ cosλΩG1 + sin θ′ sinλΩG2
−
(
sinT ns cosα sin θ′ − cosT ns cosT ew cos θ′
)
ΩG3 +Ω
L
3 } . (2.79)
Finally the Sagnac equation can be expressed in terms of geodetic parameters
and Earth rotation parameters (m1,m2 for the polar motion and m3 for the dimen-
sionless variation of the Earth rotation rate):
∆f = KΩ0{sinϕ′0 + cosϕ′0 cosλ0m1 + cosϕ′0 sinλ0m2 + sinϕ′0m3
− cosϕ′0dT ns + cosϕ′0dϕ′}+KΩL3 . (2.80)
which is consistent with the equation written in the ITRS (e.g., Tian et al., 2012),
when the relativistic terms and ΩL3 are ignored and a north-south tilt is considered
as a part of latitude variation.
Chapter 3
The Earth's Elastic Behavior
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3.1 Review of Body Tide Theories
Theoretical studies of body tides of an elastic, oceanless and laterally homogeneous
Earth date back to the early twentieth century. Love (1909) and Larmor (1909)
rst modeled the tidal deformation of an Earth which was spherically stratied and
non-rotating.
Since the 1950s several geophysicists (e.g., Jereys and Vicente, 1957a,b;
Molodensky , 1961) extended the spherical results to include eects from rotation
and elliptical stratication within a uid core (e.g., an Adams-Williamson core
adopted by Molodensky). Their results show resonant perturbations (related with
Love numbers) at diurnal frequencies, due to the excitation of the uid core.
These theoretical results were further extended by Shen and Mansinha (1976),
who consider the uid core as an extreme case of an elastic core with Lame-parameter
µ = 0, which is more general than an Adams-Williamson core. In the framework
of elasto-mechanics elastic deformations are described by means of a displacement
eld with respect to some (relaxed) reference (ground) state. The displacement eld
for the uid outer core is of the form
u = τml−1 + σ
m
l + τ
m
l+1 , (3.1)
where σml and τ
m
l are the spheroidal (consisting of radial and horizontal parts) and
toroidal displacement elds respectively. As a simplication Shen and Mansinha
(1976) worked with:
u = σml (3.2)
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in solid layers of the Earth. In that way eects of rotation and ellipticity for
our problem are neglected in the solid Earth (the mantle and inner core). This
simplication is permitted by the boundary conditions (Shen and Mansinha, 1976,
Eq. (42)) and its validity has been demonstrated numerically in Crossley (1975).
Another important extension was achieved by Sasao et al. (1980), who gave
an elegant approach for the derivation of a formalism without any supplementary
assumptions on the liquid core (such as an Adams-Williamson condition) used as
by Molodensky (1961). Their theory is derived in a so-called body frame which
is also adopted e.g., in Molodensky (1961); Shen and Mansinha (1976) as basic
reference frame. This approach will be called SOS in the following.
In a series of papers (Mathews et al., 1991a; Buett et al., 1993; Mathews et al.,
1995; Mathews, 2001a,b) extended the SOS framework by including the contribu-
tions from the Earth's solid inner core (SIC), eects of ellipticity and rotation. Their
formalism and associated tidal parameters are given in Mathews (2001a) (also listed
in Petit et al. (2010, Sec. 7.1.1)). They were used to calculate the ocially adopted
(IAU, IERS) nutation model (called IAU 2000A nutation model) (Petit et al., 2010).
Dierent from these approaches, Wahr (1981b) extended a two-layered Earth
tide theory in the frame of a constantly rotating reference system (called the nutation
frame in the following) by considering eects from rotation and ellipticity through-
out the Earth, including the mantle. For the numerical computations he used lin-
earized equations of motion for a rotating, slightly elliptical, self-gravitating, hydro-
statically pre-stressed and linearly elastic Earth, as described by Smith (1974) and
applied by Smith (1976, 1977) to investigate portions of the Earth's low-frequency
normal mode spectrum. The displacement eld is taken in a more general form,
u = σml−2 + τ
m
l−1 + σ
m
l + τ
m
l+1 + σ
m
l+2 . (3.3)
Recently, more relatively small contributions from mantel an-elasticity and
non-hydrostatic initial states in the Smith-Wahr approach have been investigated
by Dehant et al. (1999) with the same truncated form of Eq. (3.3). The relevant
tidal parameters (e.g., in Eq. (3.8) and Eq. (3.9) for the displacement eld and the
incremental Eulerian gravitational potential respectively), which are adopted in
this Thesis, are based on the truncated solution of Dehant et al. (1999).
The inuences of lateral heterogeneities on body tides have recently been investi-
gated by various groups (e.g., Wang , 1991; Fu and Sun, 2007; Métivier and Conrad ,
2008) with dierent methods. However, eects of higher orders and degrees lateral
heterogeneities on the Love numbers are much smaller than the inuence of the
slight ellipticity of the Earth (Wang , 1991).
3.2 Love Numbers Used in this Thesis
Compared with the direct solution of some Earth tide theory, Love numbers are a
practical tool to describe the response of Earth's tides. In 1909 Love introduced
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two real dimensionless parameters to describe the spherical elastic behavior of the
Earth, h and k, called Love numbers (Love, 1909). In 1912 Shida introduced a
third parameter l related with the horizontal displacement eld. For a non-rotating
and purely elastic spherical Earth, these three numbers allow a full practical rep-
resentation of all deformation phenomena induced by an external potential eV ml
(l = 1 . . .∞,m = 0 . . . l) which can be written in the form (Hartmann and Wenzel ,
1995)
eV ml (t) =
(r
a
)l
P
m
l (cos θ)
∑
i
[(Ci)
m
l (t) cos(argi(t)) + (Si)
m
l (t) sin(argi(t))] , (3.4)
where r is the distance of the station to the geocenter and a = 6378136.3m is
the radius of the Earth's equator. The fully normalized Legendre functions P
m
l of
degree l and order m are dened in (e.g., Heiskanen and Moritz , 1967). The angle
θ is geocentric co-latitude in the ITRS. The time dependent potential coecients
(Ci)
m
l (t) and (Si)
m
l (t) are given in the catalogue of (Hartmann and Wenzel , 1995).
The arguments, argi(t), are integer combinations of the astronomical arguments
that are explicitly given by Simon et al. (1994). More details of the used tidal
potential catalogue will be discussed in Section 6.1.1.
The above equation for the tidal potential can be expressed in a dierent form
eV ml (t) = Re{
(r
a
)l
ϕ̃ml (a)Y
m
l (θ, λ)} , (3.5)
where
ϕ̃ml (a) = [(Ci)
m
l (t)− i(Si)ml (t)]ei(argi(t)−mλ) (3.6)
and
Y ml (θ, λ) = P
m
l (cos θ)e
i(mλ) , (3.7)
where i2 = −1.
In the rest of this Chapter, only the real part of complex parameters will be of
relevance.
For a rotating, spherically asymmetric Earth with an anelastic mantel, uid
outer core (FOC) and SIC, more Love numbers have to be introduced to describe
the motion of our complex Earth. From the truncated solution of the dynamical
system describing Earth's tides, one nds a displacement eld of the form (Dehant
et al., 1999)
u =
ϕ̃ml (a)
ga
{er(h0Y ml + h+Y ml+2 + h−Y ml−2)
+eθ
(
l0
∂Y ml
∂θ
+ l+
∂Y ml+2
∂θ
+ l−
∂Y ml−2
∂θ
+ w+
m
sin θ
Y ml+1 + w−
m
sin θ
Y ml−1
)
+ i eλ
(
l0
m
sin θ
Y ml + l+
m
sin θ
Y ml+2 + l−
m
sin θ
Y ml−2 + w+
∂Y ml+1
∂θ
+ w−
∂Y ml−1
∂θ
)}
(3.8)
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and a incremental Eulerian gravitational potential of the form
δϕ̃ml = ϕ̃
m
l (a)
[
k0
(a
r
)l+1
Y ml + k+
(a
r
)l+3
Y ml+2 + k−
(a
r
)l−1
Y ml−2
]
, (3.9)
where (er, eθ and eλ) are the basis vectors in spherical coordinates and ga the
Earth's gravitational acceleration at the equator. The Love numbers: (h−, h0, h+),
(l−, l0, l+), (w−, w+) and (k−, k0, k+) are dened and calculated by Dehant et al.
(1999) for hydrodynamic (HD) and non-hydrodynamic (NON-HD) Earth models.
Their numerical values are listed in Tab. 3.1. These Love numbers have been intro-
duced into a modication of the Earth tide program ETERNA 3.40 (see Chapter
6).
3.3 Practical Formulas based on DDW Love Numbers
The tidal response of a RLG is a pure geometrical tilt and has no connection with the
variation of the local plumb line. It can be derived from the surface displacement
eld u describing the Earth's response to an external tidal potential of degree l
and order m. We rearrange Eq. (20) of (Dehant et al., 1999) into a summation of
spheroidal and toroidal terms
u = uml−2 + u
m
l + u
m
l+2 + v
m
l−2 + v
m
l + v
m
l+2 +w
m
l−1 +w
m
l+1
=
ϕ̃ml (a)
ga
{er(h−Y ml−2 + h0Y ml + h+Y ml+2)
+ l−
(
eθ
∂Y ml−2
∂θ
+ ieλ
m
sin θ
Y ml−2
)
+ l0
(
eθ
∂Y ml
∂θ
+ ieλ
m
sin θ
Y ml
)
+ l+
(
eθ
∂Y ml+2
∂θ
+ ieλ
m
sin θ
Y ml+2
)
(3.10)
+w+
(
eθ
m
sin θ
Y ml+1 + ieλ
∂Y ml+1
∂θ
)
+ w−
(
eθ
m
sin θ
Y ml−1 + ieλ
∂Y ml−1
∂θ
)}
.
The tilt of the G-ring in north-south direction can be derived from the relation
T ns = eθ · ∇u · er (3.11)
or as the Earth's surface is free of horizontal and normal stresses it can also be
expressed as
T ns = er · ∇u · eθ . (3.12)
Furthermore, the pure geometrical tilt in the east-west direction is given by
T ew = eλ · ∇u · er , (3.13)
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where ∇ = er ∂∂r +eθ
1
r
∂
∂θ +eλ
1
r sin θ
∂
∂λ . However, the horizontally mounted G-ring is
not sensitive to the east-west tilt (see Eq. (2.80)), so we do not write the east-west
tilt T ew out explicitly.
3.3.1 Earth's Tidal Tilt Contributions to the G-ring
The north-south tilts of the G-ring caused by spheroidal terms uml−2, u
m
l and u
m
l+2
are given respectively by
T nsu− =
ϕ̃ml (a)
gaa
h−∂θY
m
l−2 , (3.14)
T nsu0 =
ϕ̃ml (a)
gaa
h0∂θY
m
l , (3.15)
T nsu+ =
ϕ̃ml (a)
gaa
h+∂θY
m
l+2 . (3.16)
The north-south tilts of the G-ring caused by spheroidal terms vml−2, v
m
l and
vml+2 are given respectively by
T nsv− = −
ϕ̃ml (a)
gaa
l−∂θY
m
l−2 , (3.17)
T nsv0 = −
ϕ̃ml (a)
gaa
l0∂θY
m
l , (3.18)
T nsv+ = −
ϕ̃ml (a)
gaa
l+∂θY
m
l+2 . (3.19)
The toroidal terms, wml−1 and w
m
l+1, do not lead to a north-south tilt as can be
checked by a straightforward calculation with Eq. (3.11).
3.3.2 Tidal Vorticity Contributions to the G-ring
The vorticity induced by Earth tides is written in a general form (e.g., Dahlen et al.,
1999; Rautenberg et al., 1997)
∇× u = r−1[∂θuλ + uλ cot θ − (sin θ)−1∂λuθ]er
+[r−1(sin θ)−1∂λur − ∂ruλ − r−1uλ]eθ (3.20)
+(∂ruθ + r
−1uθ − r−1∂θur)eλ .
The corresponding local rotation induced by tidal vorticity is
ΩL =
1
2
∇× u̇ . (3.21)
For the G-ring platform, which is only sensitive to the vorticity along the radial
direction er, the main Earth tide vorticity contribution are from the toroidal terms;
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they read (Rautenberg et al., 1997; Widmer-Schnidrig and Zürn, 2009):
ΩLw− =
[
i(l − 1)l
ϕ̃ml (a)σw−
gaa
Y ml−1
]
er (3.22)
ΩLw+ =
[
i(l + 1)(l + 2)
ϕ̃ml (a)σw+
gaa
Y ml+1
]
er , (3.23)
where σ is the frequency of external tidal potential.
There is no additional local rotation along er caused by the spheroidal terms for
a horizontally installed RLG. Therefore the corresponding angular velocity along er
in the PfRS reads:
ΩL3 = i(l − 1)l
ϕ̃ml (a)σw−
gaa
Y ml−1 + i(l + 1)(l + 2)
ϕ̃ml (a)σw+
gaa
Y ml+1 . (3.24)
The corresponding variation in azimuth dα is given by
dα = (l − 1)l
ϕ̃ml (a)w−
gaa
Y ml−1 + (l + 1)(l + 2)
ϕ̃ml (a)w+
gaa
Y ml+1 . (3.25)
3.4 The Spherical Approximation for the G-ring
If we sum up the two dominated north-south tilt terms, Tnsu0 and T
ns
v0 , we end up
with Eq. (15) of (Rautenberg et al., 1997),
T nsRLG =
(h0 − l0) ϕ̃ml (a)
gaa
∂Y ml (θ, λ)
∂θ
, (3.26)
which diers from Eq. (14) of (Widmer-Schnidrig and Zürn, 2009) by a term
associated with vml . This term is missing in all other previous tilt correction models
used so far (Tian, 2013).
Usually local ground tilts are measured with tilt-meters whose reference direction
is the local plumb line. The tidal responses of north-south tilt-meters and north-
south variations of the local plumb line to zeroth order in ellipticity, respectively,
are given by Wahr (1981b)
T nsTILT = −
(1 + k0 − h0)ϕ̃ml (a)
gaa
∂Y ml (θ, λ)
∂θ
, (3.27)
T nsVD = −
(1 + k0 − l0)ϕ̃ml (a)
gaa
∂Y ml (θ, λ)
∂θ
. (3.28)
Comparing Eqs. (3.27), (3.28) and (3.26), the relation T nsTILT = T
ns
RLG + T
ns
VD is
obvious. It means that north-south tilt-meter observations can be divided into an
attractional part and a geometrical part consisting of a local geometrical tilt and
global geographic latitude variations (Tian et al., 2012). The above splitting of
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tilt meter observations diers from the one used in the literature on RLGs (e.g.,
Schreiber et al., 2003; Klügel et al., 2008; Schreiber et al., 2009; Mendes Cerveira
et al., 2009) due to the introduction of the l0 related term into the tidal parameters
of the G-ring.
Eq. (3.26) indicates that the total RLG's tilt comprises two parts: one part is
the 'global' tilt in ITRS caused by latitude and longitude variations:
dθ = T nsv0 = −
l0ϕ̃
m
l (a)
gaa
∂Y ml (θ, λ)
∂θ
, (3.29)
dλ = T ewv0 , (3.30)
and another part is the 'local' tilt caused by the dierential vertical displacement
dT ns = T nsu0 =
h0ϕ̃
m
l (a)
gaa
∂Y ml (θ, λ)
∂θ
, (3.31)
dT ew = T ewu0 . (3.32)
There is no variation of azimuth caused by tidal toroidal displacements for the
spherical Earth:
dα = 0 . (3.33)
The local rotation of the PfRS with respect to local inertial axes caused by the
tidal potential
ΩL = ΩL1 eθ +Ω
L
2 eλ. (3.34)
has no non-vanishing projection in radial direction, Because ΩL3 from Eq. (3.24) is
one order smaller than ΩL1 and Ω
L
2 . It can be ignored in the spherical approximation.
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4.1 Review of Retrograde DPM Theory
By denition, polar motion is described by the two equatorial components of a
specic pole rotating around the z-axis in the terrestrial frame. The specic pole
could be the instantaneous rotation pole (IRP), the angular momentum axis, the
gure axis dened by the principal axis of maximal moment of inertia, the Celestial
Intermediate Pole (CIP) etc. For example, Fig. 4.1 shows the polar motion of the
CIP observed by VLBI (based on the C04 solution). Fig. 4.2 shows the motion
of the IRP as derived from the C04 series and a model for the retrograde Diurnal
Polar Motion (DPM) of the IRP (Oppolzer terms) induced by the luni-solar tidal
potential. The retrograde DPM time series used in Fig. 4.2 is based on the IAU
2000A nutation model and the HW95 tidal potential. Details will be discussed in
the rest of this Chapter.
For the rigid Earth, the theory of retrograde DPM of the instantaneous rotation
pole was essentially completed by Oppolzer (1882); later more accurate theories
have been published by several authors (e.g., Woolard , 1953; Kinoshita, 1977;
Souchay et al., 1999). McClure (1973) developed a theory in which the elasticity of
the Earth was taken into account.
Jereys and Vicente (1957a,b) and Molodensky (1961) studied the eects of
the uid outer core on the nutational motion and the Earth tides. In these two
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Figure 4.1: Observed polar motion of the CIP (based on the C04 series).
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Figure 4.2: Observed polar motion of the IRP (synthetic time series derived from the C04
series and a theoretical retrograde DPM model).
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theories the elasticity of the mantle is considered. Sasao et al. (1980) developed
a simpler and more elegant theory than the theory of Molodensky (1961) for the
dynamical eects of a stratied uid core on nutation and diurnal Earth tides.
Both of these theories derived the same basic dynamical equations. However, the
core model of the SOS theory is not restricted by the Adams-Williamson condition
which Molodensky's stratied uid core must satisfy.
Furthermore, Capitaine (1982) andMoritz (1982) derived a diurnal polar motion
expression which is consistent with the one in Sasao et al. (1980). The above theories
have some common properties. They are classied loosely into one group by Wahr
(1982) (that we will call retrograde DPM-oriented approach), since:
• their dynamical equations are written in an Earth-xed frame;
• eects caused by the rotational perturbations on the Earth's deformation
(static response to the incremental centrifugal potential) are included;
• the rotational eect induced by a constant rotation Ω0 and elliptical eects
on the Earth deformation and further on variations of the inertia tensor are
ignored, except in the work of Shen and Mansinha (1976) where these eect
are considered in the uid core.
The works of Mathews et al. (1991a,b); Herring et al. (1991), de Vries and Wahr
(1991), Dehant et al. (1993), Legros et al. (1993) extended the above theories by
taking the SIC into account. Buett et al. (1993) constructed an approach to
evaluate the rotational and elliptical eects on the Earth deformation. Mathews
et al. (2002); Buett et al. (2002); Herring et al. (2002) elaborated their earlier
results by including an-elasticity and ocean tide eects in the dynamical equations
and introduced electromagnetic couplings of the mantle and the solid inner core to
the uid outer core.
It is remarkable that the dynamical ellipticities (e and ef ) of the Earth and
the uid outer core (initially taken from PREM) change slightly when the model
is tted to VLBI data; only then they were adopted in the calculation of the
MHB2000 nutation model.
The approach of Smith (1974, 1977) and Wahr (1981b,c,a) which is the second
group named in the literature of Wahr (1982) is characterized by:
• their dynamic equations are written in the nutation frame,
• rotational and elliptical eects on the Earth's deformation are considered.
Wahr (1981b,c,a) provides a solution for nutation and Earth tides simultaneously
for an elliptical, ocean-less, rotating Earth model with FOC and SIC. This approach
was further developed by Dehant and Defraigne (1997), Schastok (1997) and Huang
et al. (2001) for nutation. The nutation-oriented approach has the advantage of
calculating nutation and Earth's tides simultaneously; nevertheless, the retrograde
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DPM is not a direct solution of the fundamental dierential equations. A kinemat-
ical relation is needed to convert nutation into retrograde DPM. The same relation
enables one to convert the retrograde DPM (the direct solution of the retrograde
DPM-oriented approach) into nutation.
The kinematical Euler equations (exact kinematical relations)
ω1 = −ε̇ cosφ− ψ̇ sin ε sinφ ,
ω2 = ε̇ sinφ− ψ̇ sin ε cosφ , (4.1)
ω3 = φ̇+ ψ̇ cos ε ,
link the classic nutation angles (∆ε,∆ψ sin ε) of the z-axis of the ITRF in the GCRS
with the motion (ω1, ω2) of the rotation pole with respect to the z-axis of the ITRF,
i.e., polar motion. This relation is valid for a rigid and for a non-rigid Earth. Its
linear approximation has been derived by Brzezi«ski and Capitaine (1993)
m̃ = p̃− i
˙̃p
Ω0
, (4.2)
where m̃ and p̃ are polar motions of IRP and CIP respectively. These conditions
ensure that the nutational transfer function is related with the retrograde DPM
transfer function in a simple way.
Brzezi«ski (1986) applied the same method used by Moritz (1982) to convert
Wahr's nutation model (Wahr , 1981a) into a retrograde DPM model based on
Wahr's nutation transfer function and a retrograde DPM model for a rigid Earth.
The external tidal potential of Cartwright and Tayler (1971) and Cartwright and
Edden (1973) was used and the inuence of diurnal ocean tides on retrograde DPM
was considered in Brzezinski's work.
Frede and Dehant (1999) gave an analytical expression for retrograde DPM,
which is based on the Euler-Liouville equation and is derived from an analytical
theory developed by Dehant et al. (1993) and Legros et al. (1993) for a three-layered
homogeneous Earth and associated numerical values.
In this Chapter, based on the Euler-Liouville equations or nutation transfer
functions (Sasao et al., 1980; Wahr , 1981a; Mathews et al., 2002) for a rigid Earth,
a purely elastic Earth, a two-layered Earth and a three-layered Earth, ve retro-
grade DPM models are computed. Our nal three-layered retrograde DPM model
is characterized by:
• The HW95 tidal potential replaces the catalogue of Cartwright and Tayler
(1971) and Cartwright and Edden (1973). (The latest tidal potential catalogue
of Kudryavtsev (2004) does not dier signicantly from the HW95 series for
our purposes.)
• Inuences of SIC, mantle an-elasticity, ocean loading and electromagnetic cou-
pling are considered. The associated parameters are consistent with those from
the MHB2000 nutation model numerically.
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4.2 Dynamical Equations for Earth's Rotation
The dynamical equation that describes Earth's rotation basically is the equation of
angular momentum balance, which is described in a particular coordinates system.
All related variables and functions (e.g., the torque Γ , rotation vector Ω and the
Earth's moment of inertia tensor C etc.) have to be formulated in the chosen
coordinates system. The crust- and mantle-xed frames of the Earth are the most
frequently used ones which will be discussed in Subsection 4.2.1 and will be taken
as fundamental frames in the following.
4.2.1 The Choice of an Earth-xed Frame
In the nutation frame the Earth experiences a very complex motion which can
be split into a rotation and body tides. The former is dominated by two toroidal
displacement terms w01 and w
1
1 induced by the external tidal potential
eV 02 and
eV 12 respectively. Because the numerical solutions for the toroidal terms are not
exactly linear we cannot interpret the above motion as a rigid rotation of the
whole region (e.g., the mantle or SIC). Buett et al. (1993) proposed a separation
of w01(r) + w
1
1(r) into a linear part representing a rigid rotation and non-linear
part representing the toroidal deformation within the new-dened Earth-xed
frame that does not alter the moment of inertia tensor. More details are given in
(Mathews et al., 1991a, Appendix A).
It is remarkable that the magnitude of the dierence between the crust-xed
frame and the mantle-xed frame is O(mε2), where m and ε are the incremental
polar motion of the IRP induced by tides and the Earth's geometrical ellipticity
respectively (Mathews et al., 1991a). So it is unnecessary to dier between the
crust-xed and mantle-xed frame. We refer to either type of reference frame as
'Earth-xed'.
4.2.2 Euler-Liouville Equation
In the Earth-xed frame, rotating with angular velocity Ω with respect to some
inertial frame, the angular-momentum balance can be formulated as:
∂H
∂t
+Ω ×H = Γ , (4.3)
where H is the angular-momentum vector, Γ denotes the torque. For the Euler-
Liouville equation the angular velocity is written in the form
Ω = Ω0 + δΩ , (4.4)
where Ω0 = [0, 0, Ω0]T is a constant rotation vector and δΩ = [m1,m2,m3]TΩ0
describes the variations of the rotation vector, which are the unknowns.
H has dierent forms, depending on the Earth model used. The simplest Earth
model will be a symmetrical rigid Earth (A = B < C for the principle moments of
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inertia). One writes
H = CΩ (4.5)
with
C =
 A 0 00 A 0
0 0 C
 . (4.6)
Substituting C and Ω into Eq. (4.3) gives
Aω̇1 + (C −A)ω2ω3 = Γ1 ,
Aω̇2 − (C −A)ω3ω1 = Γ2 ,
Cω̇3 = Γ3 . (4.7)
which are the Euler gyroscope equations.
For the non-rigid Earth one proceeds with
H = CΩ + h (4.8)
and
C =
 A 0 00 A 0
0 0 C
+
 c11 c12 c13c12 c22 c23
c13 c23 c33
 , (4.9)
where h is the relative angular momentum vector, which depends on the denition
of the Earth-xed frame and is given by
h =
∫∫∫
V
(x× v) dV , (4.10)
where x and v denote the position and relative velocity of a material element in
the Earth-xed frame.
The Euler-Liouville equation then reads
∂(CΩ + h)
∂t
+Ω × (CΩ + h) = Γ . (4.11)
Substituting the expressions for C and Ω into the Euler-Liouville equation and
linearisation with respect to the small dimensionless quantities mi, and hi/(CΩ0)
and cij/C, gives the following system of equations
A
(C −A)Ω0
˙̃m− im̃ = ψ̃ (4.12)
and
ṁ3 = ψ3 , (4.13)
where m̃ = m1 + im2 and the complex excitation function ψ̃ is expressed as
ψ̃ = (Γ̃ −Ω0 ˙̃c− iΩ20 c̃−
˙̃
h− iΩ0h̃)/Ω20(C −A) (4.14)
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and
ψ3 = (Γ3 − ċ33Ω0 − ḣ3)/(CΩ0) (4.15)
with c̃ = c13 + ic23, h̃ = h13 + ih23 and Γ̃ = Γ1 + iΓ2.
The above excitation functions can be split into:
• matter terms, which arise from a re-distribution of mass within the Earth,
represented by the incremental components cij of the Earth's moment of inertia
tensor;
• motion terms, which depend on the velocities and accelerations of the mate-
rial elements, i.e., terms containing ˙cij , hi and ḣi. Contributions from ocean
currents are a good example of this type. Principally, these relative angular
momenta for the FOC and SIC can be set to zero by choosing corresponding
Tisserand frames (Mathews et al., 1991a).
• torque terms containing two equatorial components (Γ1, Γ2) and one axial
component (Γ3).
4.2.3 Torques Caused by External Bodies
The integration form of the torques over the whole Earth can be written in the form
(e.g., Soel et al., 2013)
Γi = εijk
∫
E
(ρXj∂k
eV 12 )d
3X . (4.16)
However, the above direct evaluation of the integral of the torques over the whole
Earth is quite cumbersome. Usually, one prefers to calculate it in another way in
which the torque exerted by the Earth on the Moon (or Sun) is calculated and
which, with opposite sign, equals the desired torque. For an axially symmetric
Earth with A = B, one can prove that except for the potential with (l,m)=(2,1),
all other (l,m)-potentials only lead to a vanishing or ignorable torque.
The eV 12 (t) tidal potential is given in the HW95 catalogue in the form of
eV 12 (t) =
(r
a
)2
P
1
2(cos θ)
∑
i
[
(Ci)
1
2(t) cos(argi(t)) + (Si)
1
2(t) sin(argi(t))
]
,
(4.17)
which could be converted into a simpler form for a specic partial tide of frequency
σi = d(− arg(t))/dt
eV 12 (t; σ = σi) =
(r
a
)2
P
1
2(cos θ) [Ai sin(argi(t) + χi)] , (4.18)
where Ai sin(χi) = (Ci)12(t), Ai cos(χi) = (Si)
1
2(t).
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The corresponding torque can be expressed in complex form(e.g., Soel et al.,
2013)
Γ̃ = (C −A)Ω20Bie−i(arg
∗
i(t)+χi) , (4.19)
where Bi =
√
15Ai/(a
2Ω20), arg
∗
i (t) = argi(t)− λ, and χi is assumed to be constant
for each partial tide.
4.2.4 Evaluation of Variations of the Moment of Inertia Tensor
After the Earth-xed frame is xed, we can derive the variations of c̃ and c33.
Often the variations of the moments of inertia are computed via the MacCullagh
relation (see below). For complex models one might employ the displacement and
velocity elds of the Earth for that purpose.
Unlike the calculation of the torque exerted on the Earth (where only contribu-
tion from eV 12 play a role), any
eV 1l (m) can lead to variations of the inertia tensor
Cij that can be calculated by an integral of the form (Mathews et al., 1991a)
cij =
∫
V
ρ0(2xkukδ
i
j − xiuj − xjui) dV , (4.20)
where the integral is taken over the Earth's unperturbed volume. ui is the
displacement at the point xi written in Cartesian coordinates.
There is an alternative way to calculate the moments of inertia c13 and c23 which
are connected by the well-known MacCullagh relation to certain tesseral terms in
the spherical harmonic expansion of the incremental Eulerian gravitational potential
of the deformed Earth (e.g., Heiskanen and Moritz , 1967, p.61, Eq. (2-44c)). E.g.,
for the rst term in Eq. (3.9), which is the tesseral term of incremental Eulerian
gravitational potential induced by eV 12 , can be written in the form:
k0
(a
r
)3
eϕ̃12(a)Y
1
2 (θ, λ) =
1
r3
(Ā21P̄
1
2 (θ, λ) cosλ+ B̄21P̄
1
2 (θ, λ) sinλ) , (4.21)
where
Ā21 =
k0a
5Ω2Bi√
15
sin(arg∗i (t) + χi) , B̄21 =
k0a
5Ω2Bi√
15
cos(arg∗i (t) + χi) . (4.22)
The MacCullagh relations which link the coecients Ā21 and B̄21 of the right side
of Eq. (4.21) to c13 and c23 read
Ā21 = −
√
3√
5
Gc13 , B̄21 = −
√
3√
5
Gc23 , (4.23)
where G is the gravitational constant. Finally we obtain
c13 = −
k0a
5Ω2Bi
3G
sin(arg∗i (t) + χi) , c23 = −
k0a
5Ω2Bi
3G
cos(arg∗i (t) + χi) . (4.24)
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4.2.5 Iterative Retrograde DPM Models
4.2.5.1 The Rigid Earth
For an axial-symmetric Earth (A = B ̸= C), with c̃ = 0, c3 = 0 and h̃ = 0, h3 = 0,
the Euler-Liouville equation reduces to:
A
(C −A)Ω0
˙̃m− im̃ = Γ̃
Ω20(C −A)
, (4.25)
where one normal modes exists for the rigid Earth: the Euler Wobble (σE = C−AA Ω0)
for polar motion.
The forced solution with external tidal forces reads:
m̃r =
−σE
σ − σE
ϕ̃ , (4.26)
where the frequency of a specic tide σ is given by σ = d(− arg∗i )/dt = d(− argi)/dt
and a dimensionless external tidal potential ϕ̃ was introduced:
ϕ̃(σ) = iBie
−i(arg∗i (t)+χi) . (4.27)
The amplitudes of retrograde DPM m̃r for main waves are shown in Fig. 4.3.
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Figure 4.3: Retrograde DPM amplitudes of the rigid Earth (M = |m̃|).
4.2.5.2 The Purely Elastic Earth
One selects an uniformly rotating equilibrium conguration as initial state of the
Earth (elasto-mechanical ground state) whose moment of inertia tensor has the
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same form as that of a rigid Earth.
The response of the elastic Earth to the external tidal potential and incremental
centrifugal potential caused by polar motion (the rst two components in δΩ) of the
IRP can be described by Hooke's law for the elastic behavior. The total incremental
gravitational potential of the Earth as caused by external and centrifugal potential
is written in the form
δV 12 = k(
eV 12 + ϕ
c(m̃)) , (4.28)
where the constant k = k0 (about 0.3) for the tidal potential of (l, m) = (2,1). The
eV 12 -terms are given in the HW95 catalogue and ϕ
c(m̃) = −Ω20(m1xz+m2yz) which
is the incremental centrifugal potential corresponding to the incremental centrifugal
acceleration
δfc = −Ω × (Ω × r) +Ω0 × (Ω0 × r) . (4.29)
The rotational deformation described by ϕc(m̃) modies the structure of the
dynamical equations of Earth rotation. One important consequence is that the
Eulerian Eigen-frequency goes over into the Chandler frequency. If we ignore
the phase lag between the incremental gravitational potential of the Earth and
eV 12 + ϕ
c(m̃) caused by the an-elasticity of the Earth, one nds that the Chandler
frequency is still a real number (see Eq. (4.32)).
Based on the MacCullagh's formula and the explicit expression of total incre-
mental Eulerian potential δV 12 , one gets (e.g., Moritz and Mueller , 1987)
c̃ = c̃rot + c̃tid =
k
kS
(C −A)(m̃− ϕ̃) , (4.30)
where kS =
3G(C−A)
Ω20R
5
0
is called secular Love number.
Substituting c̃ and Γ̃ into the Euler-Liouville equation and considering h̃ = 0,
we have
Ω0
[
A+
k
ks
(C −A)
]
˙̃m− iΩ20(C −A)(1−
k
kS
)m̃ =(
1 +
k(σ −Ω0)
ksΩ0
)
Γ̃ . (4.31)
The free solution (Chandler-Wobble) has the frequency
σCW =
Ω0(C −A)(1− kkS )
A+ kks (C −A)
. (4.32)
The forced solution reads
m̃e =
−σE(1 + kkS
σ−Ω0
Ω0
)
σ(1 + kkS
C−A
A )− σE(1−
k
kS
)
ϕ̃ . (4.33)
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Figure 4.4: The transfer functions of the purely elastic Earth model and SOS Earth model
with a uid outer core (q = |q̃|). The red line shows the resonance frequency σFCN excited
by the uid outer core.
And the corresponding transfer function of an elastic Earth, (m̃e/m̃r), is shown in
Fig. 4.4.
McClure (1973) has considered also the retrograde DPM of the gure axis and
the angular momentum axis. The analytical expression for the gure axis reads
F̃ =
c̃
C −A
(4.34)
and a rst order expansion of the angular momentum vector is given in complex
form by
H̃ = AΩ0m̃+Ω0c̃+ h̃ , (4.35)
where F̃ = F1 + iF2 and H̃ = H1 + iH2. However, only the retrograde DPM terms
of the IRP can be observed by RLGs, so we will discuss only these in this Thesis.
4.2.5.3 A Two-layered Earth  Elastic Mantle with Fluid Core
Since Poincaré (1910) introduced a rotation theory of a two-layered Earth model
(Poincaré model: a rigid mantel and a homogeneous liquid core) and discovered the
important normal mode Nearly-Diurnal Free Wobble (NDFW) in an Earth-xed
frame (or called free core nutation (FCN) in the space-xed frame). Many
researchers investigated the case of an elastic mantle with a general uid core.
Meanwhile more and more highly accurate geodetic instruments (e.g., VLBI,
superconducting gravimeters, strain meters and tilt meters etc.) have observed
the NDFW mode caused by the Earth's FOC and thus provided a strong tool to
investigate the inner structure of the Earth. In this Thesis, as one of the main
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tasks, we are going to check whether large RLGs can provide some information
about the FOC of the Earth (see Chapter 6).
Here we follow the steps of SOS who directly calculated polar motion for a two
layered Earth in the Earth-xed frame. The Euler-Liouville equations for the whole
Earth and the FOC respectively to rst order are written as (Sasao et al., 1980)
Af ˙̃m+Af ˙̃mf + iCfΩ0m̃f + ˙̃cf = 0 (4.36)
A ˙̃m− i(C −A)Ω0m̃+Af ˙̃mf + ˙̃c+ iΩ0(Afm̃f + c̃) =
Γ̃
Ω0
, (4.37)
where Af , Cf are the principal moments of inertia of the FOC, mf describes its
polar motion.
Meanwhile, changes of the inertia tensor due to the deformability of the Earth
are written in the form
c̃ = −A[κ(ϕ̃− m̃)− ξm̃f ] , (4.38)
c̃f = −Af [γ(ϕ̃− m̃)− βm̃f ] , (4.39)
where four compliances (κ, ξ, γ, β) are calculated by Sasao et al. (1980), using the
Gutenberg and Bullen-A Earth model, and listed in Tab. 4.1.
Table 4.1: Compliances used in the SOS model.
parameter value
γ 1.957810× 10−3
β 5.865066× 10−4
κ 1.032208× 10−3
ξ 2.083010× 10−4
The nal result can be obtained by substituting the above compliances into the
Euler-Liouville equation
m̃sos =
(
1− κ
e
σ
Ω0
+
Af
Am
σ
σ − σFCN
(
1− γ
e
+
γ − κ
e
σ
Ω0
))
m̃r , (4.40)
where σFCN is the frequency of the free core nutation as seen in the Earth-xed
frame. In the SOS theory, σFCN ≈ −(1 + 1466.6) cpsd (cycle per sidereal day). This
resonance plays an important role not only in Earth nutation and Earth tide theory,
but also for retrograde DPM theory (see Fig. 4.4). This provides us the opportunity
to get information about the FOC by observing the retrograde DPM with the G-ring.
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4.2.5.4 Three Layered Earth: An-elastic Mantle with FOC and SIC
Mathews et al. (1991a,b); Herring et al. (1991) extended the SOS-work by including
the inuence of the solid inner core (SIC).
Firstly, the eective (non-electromagnetic) torques on the SIC is given by (Math-
ews et al., 1991a, Eq. (17))
Γ s = Γ
p
s + Γ
g
s , (4.41)
where the gravitional (g) and pressure (p) coupling between the SIC and the rest of
the Earth cause a torque which inuences nutation and polar motion as well. It is
of the form
Γ̃s = iΩ
2
0(Ases(−α1(m̃+ m̃f ) + α2ñs − α3ϕ̃) + c̃s) . (4.42)
The torque on the whole Earth Γ̃a
.
= Γ̃ is as before and the torque acting on the
FOC can be ignored. More details are given in (Mathews et al., 1991a).
Secondly, the variations of the moments of inertia, which will enter into the
dynamic equations are parametrized by
c̃ = −A[κ(ϕ̃− m̃)− ξm̃f − ζm̃s] , (4.43)
c̃f = −Af [γ(ϕ̃− m̃)− βm̃f − δm̃s] , (4.44)
c̃s = −Af [θ(ϕ̃− m̃)− χm̃f − νm̃s] , (4.45)
where the nine compliances appearing in the above equations are calculated with
the same procedure as employed by SOS. Based on the PREM model, the nine
compliances have been computed by Mathews et al. (1991a). Their numerical
values are listed in Tab. 4.2.
Table 4.2: Compliances used in the MHB1991 model.
parameter value (PREM)
γ 1.965× 10−3
β 6.160× 10−4
κ 1.039× 10−3
ξ 2.089× 10−4
ζ 4.964× 10−9
δ −4.869× 10−7
Θ 6.794× 10−6
χ −7.536× 10−5
ν 7.984× 10−5
With the above mentioned expressions of external torques and variations of the
moments of inertia, the nal set of dynamical equations reads (Mathews et al.,
1991a)(
d
dt
− ieΩ0
)
m̃+
1
A
(
d
dt
+ iΩ0
)
(α3esAs ˙̃nsc3 +Afm̃f +Asm̃s) =
Γ̃
AΩ0
(4.46)
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(
d
dt
+ iΩ0(1 + ef )
)
m̃f +
d
dt
(
m̃− 1
Af
(α1Asesñs − c̃f )
)
= 0 (4.47)(
d
dt
+ iΩ0
)(
m̃s + esñs +
1
As
cs
)
+
(
d
dt
− iesΩ0
)
m̃ =
Γ̃s
AsΩ0
(4.48)
and the kinematical relation between the nutation and wobble of the SIC
dñs
dt
= −iΩ0m̃s . (4.49)
Reconstructing the above four equations, we get an equivalent matrix form as
M4×4X4×1 = Y 4×1 (4.50)
where the unknown vector X = (m̃, m̃f , m̃s, ñs)T and a vector Y =
((1 + σ)κ − e, γσ, σθ − α3es, 0)T × ϕ̃ associated with the external tidal po-
tential.
In the view of normal modes, the existence of a SIC causes two new normal
frequencies. One is the Inner Core Wobble (ICW) similar to the CW, and another
one is the Free Inner Core Nutation (FICN) (see also Dehant et al. (1993); Legros
et al. (1993)).
The modern values for the compliances and the latest nutation transfer function
used in the IRES convention have been updated by adding more corrections that
will be discussed in the next Section.
4.3 The Transfer Function of the IERS Conventions 2010
4.3.1 The MHB2000 Model
4.3.1.1 Calculation of Compliances
For a purely elastic Earth, only one parameter k is enough to describe the variation
in c̃. However, if one considers more complicated Earth models, more parameters
will have to be introduced to fully describe variations of the inertia tensor (e.g.,
for two and three layered Earth's models, we need 4 and 9 compliances respectively).
Mathews et al. (1991a,b) and Herring et al. (1991) extended the SOS calculation
of compliances by taking the inner core into account. The dierence with the SOS
theory is that the SIC is unlocked from the FOC. So a dynamical system for a
three-layered Earth is nally designed.
4.3.1.2 Eects of Ellipticity and Rotation on the Compliances
Buett et al. (1993) devised a general procedure to include contributions of elastic
deformations resulting from ellipticities and rotation. Even eects of an-elasticity in
the mantle and inner core and eects of lateral heterogeneity in the Earth's density
and elastic properties can be derived by this procedure.
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4.3.1.3 An-elasticity
The an-elasticity of the Earth leads to a response of the elastic Earth with a phase
lag compared to the original driving potential. This can be taken into account
by introducing an imaginary part to the Love number k. Replacing the real Love
number k by a complex one we can simply obtain the corresponding result for a
single layered an-elastic Earth.
Mathews et al. (2002) further includes the an-elastic contributions to the com-
pliances based on the work of Wahr and Bergen (1986). Their inuence on the
compliances can be studied with an integration of the displacement equations with
complex shear and bulk moduli. It turns out that κ and γ are the most sensitive
compliances to an-elasticity (e.g. Mathews et al., 2002; Koot et al., 2008).
4.3.1.4 Ocean Tides
In Mathews et al. (2002), the inclusion of ocean tides eects on nutation is based
on the theory of Sasao and Wahr (1981). There are two reasons for ocean tides to
modify the nutation response of the Earth: increments of the inertia tensors due to
the mass redistribution within ocean and exchange of angular momentum between
the solid Earth and ocean due to the motion of the water with respect to the Earth
surface. More details are given by (e.g. Mathews et al., 2002; Koot et al., 2008)
4.3.1.5 Non-hydrostatic Equilibrium Eects
Non-hydrostatic equilibrium eects have signicant inuence on the dynamical
ellipticities of the whole Earth and the FOC (e and ef respectively). These two
parameters play an important role, not only in the theory for precession, but also
in the theories of the Earth nutation in some celestial frame and polar motion in
the Earth-xed frame.
Dehant and Defraigne (1997) have discussed the eects of violation of hydro-
static equilibrium and a non-hydrostatic initial state on the nutation. Possibly this
could explain the (1%) discrepancies between the dynamical ellipticities of (e and
ef ) derived from a hydrostatic equilibrium state as derived from the PREM model
and the observed ones.
In the MHB2000 theory, Herring et al. (2002) estimate the dynamical ellipticities
of (e and ef ) by VLBI observations, rather than based on theoretical formulations.
Therefore the MHB2000 theory, in which several adjusted parameters (including e
and ef ) by VLBI observations are adopted, is called a semi-analytical theory of
nutation.
4.3.1.6 Electromagnetic Coupling Torques
Buett et al. (2002) have introduced electromagnetic coupling constants, K̃CMB and
K̃ICB at the CMB and the Inner Core Boundary (ICB). These constants are related
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with the corresponding torques by
K̃CMB =
Γ̃CMB
iΩ20Afm̃f
, K̃ICB =
Γ̃ ICB
iΩ20As(m̃s − m̃f )
. (4.51)
The two complex electromagnetic coupling constants are estimated by VLBI obser-
vations and adopted in the MHB2000 theory.
4.3.1.7 Final Dynamical Equations for Polar Motion
The inuences discussed in Subsections 4.3.1.2, 4.3.1.3 and 4.3.1.4 are taken into
account by adopting updated compliances. For including the inuence of an elec-
tromagnetic coupling at the CMB and the ICB via Eq. (4.51), only four components
in the basic matrix of the dynamical system Eq. (4.50) are modied slightly into
the form:
M22 −→ M22 + K̃CMB + K̃ICBAs/Af (4.52)
M23 −→ M23 − K̃ICBAs/Af (4.53)
M32 −→ M32 − K̃ICB (4.54)
M33 −→ M33 + K̃ICB . (4.55)
The nal MHB2000 nutation model has been tted to VLBI data in order to
determine the inuences from non-hydrostatic equilibrium eects and those from
electromagnetic couplings. Four estimated parameters e = 0.0032845479± 12, ef =
0.0026456± 20, K̃CMB = (110.8− i77.5)× 10−5 and K̃ICB = (2.32− i1.85)× 10−5
are tted and adopted in the following transfer function (Mathews et al., 2002)
q̃MHB =
eR − σ
eR + 1
(eR − σ)N0
(
1 + (1 + σ)
(
Q0 +
4∑
i=1
Qi
σ − si
))
, (4.56)
where the constants are listed in Tab. 4.3. Their physical meaning is given in the
original paper of Mathews et al. (2002). The MHB2000 nutation transfer function
Table 4.3: Coecients and constants used in the MHB2000 nutation model.
parameter value
N0 1.00001224
Q0 −0.165291 + i 0.0318995
Q1 −0.948081 + i 0.0678857
Q2 0.0489324 + i 0.001617
Q3 0.000296114− i 0.0000956740
Q4 0.0000110856− i 0.00000122654
s1 0.00311279 + i 0.000376098
s2 −1.00231811 + i 0.0000250607
s3 −0.999026445 + i 0.000778663
s4 0.00041324 + i 9.2822010
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is shown in Fig. 4.5.
To demonstrate the inuence of the SIC, electromagnetic couplings and other
terms considered in the MHB2000 nutation model, we display both of the MHB2000
and SOS nutation transfer functions in Fig. 4.5. Clearly, dierences between the
transfer functions of a three layered and a two layered Earth model are very small
except at the band [-1.006, -1.004] centred at the FCN frequency. In the sub-gure of
Fig. 4.5, we see the dierent FCN frequencies as adopted in the SOS and MHB2000
theory. A complex FCN frequency σFCN ≈ −1.00231811 + i0.000250007 cpsd used
in MHB2000 theory leads to a FCN resonance that diers signicantly from that
of the SOS theory. The theoretical FICN resonance phenomenon at the frequency
σFICN ≈ −0.999026445 + i0.000778663 cpsd is excited by the existence of the SIC.
However the strength of FICN resonance is over one hundred times smaller than
that of the FCN resonance (Mathews et al., 2002). Therefore there is no visible
resonance seen in the sub-gure of Fig. 4.5.
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Figure 4.5: Contributions from the SIC, ocean tides, electromagnetic couplings, non-
hydrostatic equilibrium eects and anelasticity of the mantel to the nutation transfer func-
tion.
A convolution of this transfer function with the rigid Earth nutation amplitudes
(e.g., from the REN-2000 series) is the standard procedure to obtain the nutation
series of a non-rigid Earth. Here we get the retrograde DPM terms with a similar
procedure. The retrograde DPM of the rigid Earth has already been given in
Subsection 4.2.5.1.
It is remarkable that the following relation allows us to identify the transfer
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function of retrograde DPM with that of nutation:
q̃(σ) =
m̃(σ)
m̃r(σ)
=
ñ(σ)
ñr(σ)
, (4.57)
where ñ and ñr are nutations of a non-rigid and a rigid Earth for a partial tide
with frequency σ. This relation is based on the linear approximation of the Euler
kinematical relation (see Eq. (5.9)).
4.3.2 The Retrograde DPM Factor
For better emphasizing the dependence of the retrograde DPM model on the Earth's
structure, a new factor is dened by
Q̃(σ) =
m̃
iAie
−i(arg∗i (t)+χi)
, (4.58)
where Q̃(σ) is a frequency-dependent factor totally independent of the strength
of external potential at a partial tide. It implies that the DPM factor Q̃(σ) de-
pends only on the properties of the Earth. Therefore we choose it as an estimated
parameter, rather than the original retrograde DPM amplitudeM = |m̃|. The theo-
retical values for Q̃(σ) for a rigid Earth, a purely elastic Earth, a two-layered Earth
model as adopted in SOS' theory and a three-layered Earth model as adopted in
the MHB2000 theory (Mathews et al., 2002) are shown in Fig. 4.6.
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Chapter 5
Ocean Tide Eects on a RLG
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In this Chapter we discuss oceanic eects on high frequency variations of
the Earth's rotation and Ocean Tide Loading (OTL) eects on a RLG. High
frequency Earth's rotation observations based on modern geodetic observations
(VLBI, GPS, SLR) and high accurate Earth's tide observations (e.g., by means
of super-conducting gravimeters (SG) and tilt-meters) demonstrate that ocean
tide eects are visible in the data. A RLG, as a promising Earth's rotation and
tide sensor, can be employed to detect the diurnal polar motion and tilt from the
Earth's tide. One expects a RLG to be sensitive to ocean tide eects, however,
their importance for the modeling RLG observations is not yet clear (Schreiber
et al., 2009).
Global ocean models (such as EOT11a1, FES20042,NAO993) provide results for
tide elevations and current velocities on a grid over the oceanic area which enables
one to calculate the ocean tide angular momentum, consisting of two parts: one
part is from the variations of tidal elevations (called matter related term); another
part is the relative angular momentum derived from the ocean currents (called
motion term). The exchange of angular momenta between the solid Earth and
the ocean perturbs the Earth's rotation (the equatorial component modies polar
motion, the axial component inuences LOD). OTL eects on the displacement
eld and the gravity eld (such as the ground tilt, variations of gravity, strain and
so on) are one more important contribution to model modern geodetic observations
(VLBI, SG, SLR, high precision strain-meters and tilt-meters), particularly if the
station is close to the ocean.
1ftp : //ftp.dgfi.badw.de/pub/EOT11a/data/
2http : //www − apache.legos.obs−mip.fr/en/soa/
3http : //www.miz.nao.ac.jp/staffs/nao99/index_En.html
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The Wettzell station is located in the inner part of the European continent. The
oceanic eect on this station is quite small, but still can be seen in space geodetic
observations (Scherneck and Haas , 1999; Boy et al., 2003). In this Chapter we are
going to investigate the question whether the oceanic eect is large enough so that
it has to be considered in the RLG data analysis.
5.1 Eects on Earth Rotation
Two completely equivalent approaches can be chosen to derive the variations of
Earth's rotation caused by ocean tides. One is the torque approach, where the
ocean is considered as an external forcing. Another one is the angular momentum
approach, where the ocean is considered as one part of the system Earth.
Both approaches lead to the same broad band Euler-Liouville equation (see
Section 5.1.1). The equation in frequency domain can be used to calculate the
Earth rotation variation for a particular oceanic wave. The form of the equation in
the time domain can be employed as basic equation to calculate tidal and non-tidal
oceanic and atmospheric loading eects.
Note, that polar motion related to the CIP must be transferred into a corre-
sponding motion of the IRP before it can enter our model for a RLG. Because the
CIP is the new conventional pole adopted by the IERS, most of the relevant models
and parameters are related to the CIP.
5.1.1 The Broad Band Euler-Liouville Equation
5.1.1.1 CIP Equation
Brzezi«ski (1994) derived a broad band Euler-Liouville equation in time- and fre-
quency domain based on (Sasao and Wahr , 1981). However, Brzezi«ski focused on
the polar motion of the CIP and not the IRP. In the frequency domain, the equation
for polar motion of the CIP p̃(σ) reads in terms of Eective Angular Momentum
(EAM) functions:
p̃(σ) =
σCW
σCW − σ
(χ̃p + χ̃c) +
σCW
σFCN − σ
(apχ̃
p + acχ̃
c) , (5.1)
where ap = 9.2× 10−2 and ac = 5.5× 10−4 are dimensionless constants,
σCW =
Ω0
Tc
(
1 +
i
2Qc
)
, σFCN = −
Ω0
Tf
(
1− i
2Qf
)
(5.2)
are the Chandler and the FCN resonance frequency with imaginary parts accounting
for dissipation. The values: Tc = 434, Qc = 175, Tf = 1 − 1/431, Qf = 30000
determined from the observations are usually adopted (e.g., by Brzezi«ski et al.
(2004)), and
χ̃p =
−1.098R40
Ω0(C −A)g
∫∫
∂E
ps sinϕ cos
2 ϕ[cosλ, sinλ]dϕ dλ (5.3)
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and
χ̃c =
1.5913R30
Ω0(C −A)g
(5.4)
×
∫∫
∂E
∫ ptop
pbot
cosϕ(u[− cosϕ sinλ,− sinϕ sinλ] + v[sinλ,− cosλ])dp dϕ dλ ,
where ps, ptop and pbot are the surface pressure, the pressure at the top and bottom
of the concerned layer respectively. u(ϕ, λ, p, t) and v(ϕ, λ, p, t) are the eastward and
northward components of the ocean currents at pressure level p and ∂E is the Earth
surface. A transformation from the frequency domain to the time domain yields
(∂t − iσ1)(∂t − iσ2)p̃ =
−iσ0[(∂t − iσ2)(χ̃p + χ̃c) + (∂t − iσ1)(apχ̃p + acχ̃c)] , (5.5)
in which one more free nutation resonance appears in the above broad band equa-
tion compared with the polar motion equation of Barnes et al. (1983) due to the
introduction of the free core resonance. Therefore the broad band Euler-Liouville
equation enables one to calculate the polar motion excited by high frequency angular
momentum exchange induced by geophysical sources (e.g., ocean and atmospheric
tides). Moreover,
Ω0C(1 +m3) + 0.70Ω0c33 + h3 = const. (5.6)
and one denes χ3 = (0.70Ω0c33 + h3)/(Ω0C) which is divided into pressure and
current terms
χp3 =
0.753R40
Ω0Cmg
∫∫
∂E
(ps cos
3 ϕ) dϕ dλ (5.7)
and
χc3 =
0.998R30
Ω0Cmg
∫∫
∂E
∫ ptop
pbot
(u cos2 ϕ) dp dϕ dλ . (5.8)
5.1.1.2 IRP Equation
For the case of a RLG, we need dynamical equations for the IRP. However, most
researchers paid attention only to the CIP (in the old days the IRP was considered
as an unobservable pole). With the emerging of ring laser gyroscopes, the interests
changed and the IRP is the central object here. The required equation for the IRP
reads according to Brzezi«ski and Capitaine (1993)
m̃(σ) =
σ +Ω0
Ω0
p̃(σ) , (5.9)
or, in terms of EAM functions:
m̃(σ) =
σ +Ω0
Ω0
{
σ0
σ1 − σ
(χ̃p + χ̃c) +
σ0
σ2 − σ
(apχ̃
p + acχ̃
c)
}
. (5.10)
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5.1.2 The IERS Model
5.1.2.1 Oceanic Polar Motion
It is widely accepted that the oceanic variability is responsible for most of the
diurnal and semi-diurnal variations of polar motion and the rotation rate of the
Earth. The RMS level of agreement of the coecients of the theoretical and empiric
models for oceanic eects on UT1 and polar motion (of CIP) are 1.2 µs for UT1
and about 9µas in polar motion respectively (Gipson, 1996).
Values in Tabs. 8.2 and 8.3 of the IERS Conventions 2010 for diurnal and
semi-diurnal variations in polar motion (of CIP) and UT1 due to ocean tides are
converted into values for the IRP (see below). Tabs. 8.2 and 8.3 of the IERS
Conventions 2010 are provided by Eanes (2000) and based on Ray et al. (1994)
and Chao et al. (1996). Totally 71 tidal constituents with amplitudes of the order
of tenths of milli-arcseconds in polar motion (of CIP) and tens of micro-seconds in
UT1 are included. Note that for polar motion, the model must be converted from
CIP related quantities to IRP related ones.
Suppose that polar motion of the CIP is given by an expression of the form
p̃ = [a sin(arg∗i (t)) + b cos(arg
∗
i (t))]− i[c sin(arg∗i (t)) + d cos(arg∗i (t))] , (5.11)
where IERS recommended coecients for a, b, c and d can be found in Tabs. 8.2a
and 8.2b of the IERS Conventions 2010 (corresponding to the column 10, 11, 12
and 13 respectively), arg∗i (t) is an integer combination of fundamental astronomical
arguments for a partial tide (see Section 6.1.1). More details on the fundamental
arguments are given in the IERS Conventions 2010 (Petit et al., 2010). Then,
corresponding expressions for IRP related polar motion can be written as
m̃ = AP [cos(arg
∗
i (t)) + i sin(arg
∗
i (t))] +AR[cos(arg
∗
i (t))− i sin(arg∗i (t))] (5.12)
where
AP =
(
1 +
σ
Ω0
)(
b− c
2
− ia+ d
2
)
; AR =
(
1− σ
Ω0
)(
b+ c
2
− ia− d
2
)
,
are listed in Tab. 5.1 and 5.2 for the main semi-diurnal and diurnal partial tides
respectively. Eq. (5.9) has been employed in the above conversion.
Using Eq. (5.12) and the values given in Tabs. 5.1 and 5.2, time series of Sagnac
frequency variations induced by semi-diurnal and prograde diurnal variation in polar
motion are computed and shown in Figs. 5.1 and 5.2 respectively. In Figs. 5.1 and
5.2, original polar motion signals (in mas) are converted into Sagnac frequency
variations (µHz) based on Eq. (2.80).
5.1.2.2 Oceanic LOD Model
Tabs. 8.3a and 8.3b in the IERS Conventions 2010 provide the diurnal and semi-
diurnal variations in UT1 and LOD. One writes
δUT1 = B sin(arg∗i (t)) + C cos(arg
∗
i (t)) , (5.13)
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Table 5.1: Coecients of sin(argument) and cos(argument) of semi-diurnal variations in
pole coordinates m1, m2 and m3 caused by ocean tides. γ denotes GMST+π, l = mean
anomaly of the Moon, l′ = mean anomaly of the Sun, F = L − Ω, D = mean elongation
of the Moon from the Sun, Ω = mean longitude of the ascending node of the Moon, L
the mean longitude of the Moon. The units of m1, m2 are milliarcseconds (mas). m3 is a
dimensionless quantity.
argument AP AR m3
γ l l′ F D Ω Prograde Retrograde sin cos
2 -3 0 3 0 0 -0.0009+0.0004 i -0.0002+0.0003 i -1.2e-11 1.5e-12
2 -3 2 1 0 0 -0.0024+0.0009 i -0.0006+0.0008 i -3.0e-11 4.3e-12
2 -2 0 2 0 0 -0.0068+0.0039 i -0.0007+0.0041 i -8.6e-11 2.4e-11
2 -2 2 0 0 0 -0.0079+0.0048 i -0.0006+0.0051 i -1.0e-10 3.0e-11
2 -2 3 0 0 -1 -0.0005+0.0003 i -0.0000+0.0004 i -6.7e-12 2.0e-12
2 -1 -1 1 0 1 0.0003-0.0003 i -0.0000+-0.0003 i 4.5e-12 -1.8e-12
2 -1 0 1 -1 0 0.0013-0.0013 i -0.0000+-0.0015 i 1.9e-11 -8.0e-12
2 -1 0 1 0 0 -0.0349+0.0347 i 0.0008+0.0402 i -5.2e-10 2.1e-10
2 -1 1 1 0 -1 -0.0003+0.0003 i 0.0000+0.0004 i -4.8e-12 2.1e-12
2 -1 2 -1 0 0 -0.0062+0.0067 i 0.0002+0.0078 i -9.6e-11 4.1e-11
2 -1 3 -1 0 -1 -0.0003+0.0003 i 0.0000+0.0004 i -4.4e-12 1.9e-12
2 0 -2 2 0 0 0.0003-0.0006 i 0.0000+-0.0007 i 7.0e-12 -3.1e-12
2 0 -1 0 0 1 0.0004-0.0007 i 0.0000+-0.0008 i 7.9e-12 -3.5e-12
2 0 0 0 -1 0 0.0035-0.0073 i 0.0002+-0.0091 i 8.5e-11 -3.7e-11
2 0 0 0 0 0 -0.0946+0.1968 i -0.0050+0.2452 i -2.3e-09 1.0e-09
2 0 1 0 0 -1 -0.0003+0.0006 i -0.0000+0.0008 i -6.9e-12 3.0e-12
2 1 -2 1 0 0 0.0002-0.0015 i 0.0003+-0.0019 i 1.6e-11 -4.9e-12
2 1 0 -1 0 0 0.0007-0.0056 i 0.0016+-0.0073 i 6.1e-11 -1.7e-11
2 1 0 1 0 0 -0.0001+0.0014 i -0.0004+0.0018 i -1.5e-11 4.2e-12
2 1 0 1 1 0 -0.0001+0.0006 i -0.0002+0.0008 i -6.7e-12 1.9e-12
2 2 -3 0 0 1 0.0003+0.0051 i -0.0034+0.0068 i -6.3e-11 2.8e-12
2 2 -2 0 0 0 0.0065+0.0864 i -0.0614+0.1153 i -1.1e-09 2.3e-11
2 2 -1 0 0 -1 -0.0001-0.0007 i 0.0005+-0.0010 i 9.3e-12 0.0e-01
2 2 0 0 -1 0 -0.0000-0.0003 i 0.0002+-0.0004 i 3.9e-12 1.5e-13
2 2 0 0 0 0 0.0021+0.0231 i -0.0185+0.0310 i -3.1e-10 -6.0e-12
2 2 0 0 1 0 0.0006+0.0069 i -0.0056+0.0092 i -9.1e-11 -2.2e-12
2 2 0 0 2 0 0.0001+0.0007 i -0.0006+0.0010 i -9.9e-12 -2.9e-13
2 3 0 -1 0 0 0.0001+0.0011 i -0.0018+0.0015 i -2.2e-11 -5.5e-12
2 3 0 -1 1 0 0.0000+0.0005 i -0.0008+0.0006 i -9.5e-12 -2.5e-12
2 4 0 0 0 0 -0.0000+0.0002 i -0.0007+0.0003 i -7.4e-12 -2.7e-12
58 Chapter 5. Ocean Tide Eects on a RLG
Table 5.2: Coecients of sin(argument) and cos(argument) of diurnal variations in the pole
coordinates m1, m2 and m3 caused by ocean tides. The units of m1, m2 are milliarcseconds
(mas). m3 is a dimensionless quantity.
argument AP AR m3
γ l l′ F D Ω Prograde Retrograde sin cos
1 -4 2 1 0 0 0.0017+0.0001 i 0.0000+0.0000 i 2.4e-11 4.7e-12
1 -3 0 2 -1 0 0.0012-0.0001 i 0.0000+0.0000 i 1.2e-11 3.7e-12
1 -3 0 2 0 0 0.0064-0.0006 i 0.0000+0.0000 i 6.4e-11 2.0e-11
1 -3 2 0 -1 0 0.0015-0.0001 i 0.0000+0.0000 i 1.4e-11 4.6e-12
1 -3 2 0 0 0 0.0077-0.0008 i 0.0000+0.0000 i 7.4e-11 2.4e-11
1 -2 0 1 -1 0 0.0094-0.0023 i 0.0000+0.0000 i 6.3e-11 3.1e-11
1 -2 0 1 0 0 0.0498-0.0118 i 0.0000+0.0000 i 3.3e-10 1.6e-10
1 -2 2 -1 -1 0 0.0018-0.0005 i 0.0000+0.0000 i 1.1e-11 5.9e-12
1 -2 2 -1 0 0 0.0095-0.0024 i 0.0000+0.0000 i 5.9e-11 3.1e-11
1 -1 0 0 -2 0 -0.0015+0.0005 i 0.0000+0.0000 i -6.3e-12 -4.7e-12
1 -1 0 0 -1 0 0.0484-0.0178 i 0.0000+0.0000 i 2.0e-10 1.5e-10
1 -1 0 0 0 0 0.2564-0.0942 i 0.0000+0.0000 i 1.1e-09 8.2e-10
1 -1 0 2 0 0 -0.0017+0.0006 i 0.0000+0.0000 i -7.0e-12 -5.3e-12
1 -1 2 0 0 0 -0.0033+0.0013 i 0.0000+0.0000 i -1.3e-11 -1.0e-11
1 0 -2 1 0 0 -0.0018+0.0008 i 0.0000+0.0000 i -5.8e-12 -5.2e-12
1 0 0 -1 -1 0 -0.0013+0.0006 i 0.0000+0.0000 i -4.0e-12 -3.5e-12
1 0 0 -1 0 0 -0.0068+0.0032 i 0.0000+0.0000 i -2.2e-11 -1.9e-11
1 0 0 1 0 0 -0.0189+0.0088 i 0.0000+0.0000 i -6.0e-11 -5.3e-11
1 0 0 1 1 0 -0.0038+0.0018 i 0.0000+0.0000 i -1.2e-11 -1.1e-11
1 0 2 -1 0 0 -0.0036+0.0017 i 0.0000+0.0000 i -1.1e-11 -9.7e-12
1 1 -3 0 0 1 0.0060-0.0031 i 0.0000+0.0000 i 2.3e-11 1.4e-11
1 1 -2 0 -1 0 -0.0012+0.0006 i 0.0000+0.0000 i -4.5e-12 -2.5e-12
1 1 -2 0 0 0 0.1024-0.0522 i 0.0000+0.0000 i 4.0e-10 2.2e-10
1 1 -1 0 0 -1 -0.0008+0.0004 i 0.0000+0.0000 i -3.4e-12 -1.8e-12
1 1 -1 0 0 1 -0.0024+0.0012 i 0.0000+0.0000 i -9.7e-12 -5.1e-12
1 1 0 0 -1 0 0.0060-0.0031 i 0.0000+0.0000 i 2.5e-11 1.2e-11
1 1 0 0 0 0 -0.3039+0.1552 i 0.0000+0.0000 i -1.3e-09 -6.2e-10
1 1 0 0 1 0 -0.0412+0.0211 i 0.0000+0.0000 i -1.7e-10 -8.5e-11
1 1 0 0 2 0 0.0009-0.0005 i 0.0000+0.0000 i 3.8e-12 1.8e-12
1 1 1 0 0 -1 -0.0024+0.0012 i 0.0000+0.0000 i -1.1e-11 -4.8e-12
1 1 2 0 0 0 -0.0042+0.0022 i 0.0000+0.0000 i -2.0e-11 -8.1e-12
1 2 -2 1 0 0 -0.0029+0.0014 i 0.0000+0.0000 i -2.2e-11 -3.2e-12
1 2 0 -1 0 0 -0.0148+0.0071 i 0.0000+0.0000 i -1.2e-10 -1.4e-11
1 2 0 -1 1 0 -0.0029+0.0014 i 0.0000+0.0000 i -2.4e-11 -2.8e-12
1 3 -2 0 0 0 -0.0022+0.0008 i 0.0000+0.0000 i -3.2e-11 3.9e-13
1 3 0 -2 0 0 -0.0011+0.0004 i 0.0000+0.0000 i -1.7e-11 3.9e-13
1 3 0 0 0 0 -0.0071+0.0023 i 0.0000+0.0000 i -1.1e-10 2.9e-12
1 3 0 0 1 0 -0.0045+0.0015 i 0.0000+0.0000 i -7.2e-11 1.8e-12
1 3 0 0 2 0 -0.0010+0.0003 i 0.0000+0.0000 i -1.5e-11 3.9e-13
1 4 0 -1 0 0 -0.0012+0.0001 i 0.0000+0.0000 i -3.2e-11 1.9e-12
1 4 0 -1 1 0 -0.0008+0.0000 i 0.0000+0.0000 i -2.0e-11 1.2e-12
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Figure 5.1: Oceanic polar motion in the semi-diurnal band.
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Figure 5.2: Oceanic polar motion in the diurnal band.
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Figure 5.3: Semi-diurnal variation of LOD due to ocean tides.
where B and C are given in the 10th and 11th column in Tabs 8.3a and 8.3b.
The relation between δUT1 and m3 can be derived from (Moritz and Mueller ,
1987)
m3 =
d(δUT1)
dt
. (5.14)
The corresponding variation of the Earth's rotation rate, as expressed by the coef-
cients B and C, can be written in the form
m3 =
B 2π
T
cos(arg∗i (t))−
C 2π
T
sin(arg∗i (t)) , (5.15)
where T is the period of the partial ocean tide and the converted coecients are
given in the last column of Tabs. 5.1 and 5.2.
Using Eq. (5.15) and the values given in Tabs. 5.1 and 5.2, time series of Sagnac
frequency induced by semi-diurnal and diurnal variation inm3 are shown in Figs. 5.3
and 5.4 respectively. In Figs. 5.3 and 5.4, the original signals have been converted
into Sagnac frequency variations (µHz) based on Eq. (2.80).
5.2 OTL Eects on Tilt and Local Vertical Deection
5.2.1 Green's Functions
Following the formulation of Longman (1962, 1963), Pekeris and Jarosch (1958)
and Alterman et al. (1959) of the eigenvalue problem for an elastic gravitating
sphere, Farrell (1972) developed a classical theory to handle the response of the
Earth to surface loads. His numerical results (loading Love numbers and related
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Figure 5.4: Diurnal variation of LOD due to ocean tides.
Green's functions) are widely adopted by several OTL providers (related e.g., with
the software GOTIC2 and SPOTL). However, in his classical paper there is no
corresponding Green's function for the pure geometrical tilt, e.g., of a RLG.
Unlike the Green's functions for tilt, gravity and vertical deection, the pure
geometrical tilt has no Newtonian part which is independent of the Earth's elastic
deformation. The elastic part alone is described by
T ′RLG = −
1
ME
N∑
n=0
(−h′n + l′n)
∂Pn(cos θ)
∂θ
, (5.16)
where h′n and l
′
n are the loading Love and Shida numbers of nth order (Farrell ,
1972). Even though there is no numerical table for the Green's function of RLGs
appearing in literature up to now, some OTL software can calculate OTL eects
on the local vertical deection and tilt-meters simultaneously and enables one to
calculate the OTL eects on RLGs in an indirect way. The Green's function for the
tilt T ′TILT is the sum of the Green's function of pure geometrical tilt T
′
RLG and the
vertical deection T ′VD
T ′TILT = T
′
RLG + T
′
VD = −
1
ME
N∑
n=0
(1 + k′n − h′n)
∂Pn(cos θ)
∂θ
, (5.17)
where k′n is the nth degree loading tidal parameter related to the incremental grav-
itational potential. The Green's function for the vertical deection is given by
T ′VD = −
1
ME
N∑
n=0
(1 + k′n − l′n)
∂Pn(cos θ)
∂θ
. (5.18)
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5.2.2 Used OTL Softwares and Calculation of OTL Eects
In the calculation of OTL eects, two softwares, GOTIC2 and SPOTL are used.
The OTL package GOTIC2 is an improved version of GOTIC (Sato and
Hanada, 1984). GOTIC2 can calculate solid Earth tides and OTL eects on land.
However, only OTL eects calculated by GOTIC2 are adopted in the following data
analysis (see Chapter 6). Wettzell is a station outside Japan, so the second-order
meshes with the size of 5′ × 5′ are read automatically from the mesh les where the
ocean-land distribution is given. Both of the Green's functions of tilt-meter and
vertical deection are available in the program GOTIC2 (Matsumoto et al., 2001).
Therefore we choose GOTIC2 to compute OTL eects on the pure geometrical
tilt in two steps. First, using GOTIC2, we calculate both OTL eects of vertical
deection and tilt-meter directly. Second, the OTL eect on RLGs is then obtained
by subtracting the vertical deection part from the entire OTL eect on tilt-meters.
In order to assess the accuracy of dierent softwares dealing with OTL eects
also the package SPOTL was employed (Agnew , 1997). Its latest version (SPOTL
3.30) was developed by Duncan Carr Agnew. More modern global ocean tide models
and many local ocean models are included and some new properties of the update
version are given on a website4. In Fig. 5.5, the curves of Tiltmeter (GOTIC2,
NAO99, G-B, NS) and Tiltmeter (SPOTL, NAO99, G-B, NS) are OTL eects on
a north-south tilt-meter at Wettzell calculated with GOTIC2 and SPOTL with the
same global ocean model NAO99 respectively. ∆1 in Fig. 5.5 is the time series of
the dierence between the two models. From this gure we see, that selection of the
OTL software is an ignorable factor for our calculation.
In the GOTIC2 package there are two Green's function les available. One is
given by Farrell (1972) based on the Gutenberg-Bullen A model (called G-B Green's
function) and the other is given by Endo and Okubo (1983) based on the 1066A
Earth model (called 1066A Greens function). In Fig. 5.6, the curves of Tiltmeter
(GOTIC2, NAO99, 1066A, NS) and Tiltmeter (GOTIC2, NAO99,G-B, NS) denote
the OTL eects on a north-south tilt-meter at Wettzell calculated with two dier-
ent Green's functions, 1066A and G-B, respectively. ∆2 in Fig. 5.6 indicates the
dierence between the curves of Tiltmeter (GOTIC2, NAO99, 1066A, NS) and Tilt-
meter (GOTIC2, NAO99, G-B, NS). No signicant dierence for the OTL eect at
Wettzell due to a dierent choice of the Green's function is found.
The OTL eect depends theoretically not only on the Green's functions, but
also on the ocean tide models and, obviously, the location of a site. The Wettzell
station is located in the middle of the European continent. The dierence of OTL
eects at Wettzell station caused by the dierences of various global ocean models
has been shown to be very small for SG observations (Baker and Bos, 2003). In
the following we are going to check whether this conclusion also holds for tilt
observations.
4http : //igppweb.ucsd.edu/agnew/Spotl/spotlmain.html
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Figure 5.5: OTL eects on a north-south tilt-meter calculated by dierent OTL softwares.
The discrepancy ∆1 induced by selecting dierent OTL softwares (GOTIC2 and SPOTL)
(for clarity, ∆1 is oset by −5 nrad).
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Figure 5.6: Same as Fig. 5.5, but by dierent Green's functions. The dierence ∆2
induced by selecting dierent Green's functions (1066A and G-B) (for clarity, ∆2 is oset
by −5 nrad).
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Figure 5.7: Comparison between OTL calculations with dierent global ocean tide models
(for clarity, the curves are oset by 0, −4, −5, −6, −7, −8, −9, −11 nrad from the top to
bottom respectively).
Because the relative modern global ocean models and many local ocean models
are still not available in GOTIC2, we have to employ the latest version of SPOTL
(version 3.3.0) to investigate the inuence from the discrepancies between various
ocean models.
Using the SPOTL package and the Green's function of gr.gbcont.wef.p01.ce
based on Farrell (1972), a comparison between the calculations with eight dier-
ent global ocean models (NAO99b, FES04, GOT4P7, TPXO7.2, TPXO7.2ATLAS,
DTU10.trimmed, EOT11A, HAMTIDE11A) was made and presented in Fig. 5.7.
The curve of 'FES04' shows the OTL eect on a north-south tilt-meter at Wettzell
as calculated with the global ocean model FES04. The curve of 'FES04-[xxx]' de-
notes the dierence between the calculation with FES04 and the ocean model [xxx].
We found there was a relatively large discrepancy between the NAO99b and other
global ocean models. Nevertheless, these relative new models are not available in
the GOTIC2 package right now. So in our nal calculation with GOTIC2 we tem-
porarily choose the NAO99b model.
Having considered various global ocean tide models, we are going to inves-
tigate loading eects from local and regional oceans, which are close to the
station. For the Wettzell station we select three local and regional ocean models:
osu.europeshelf.2008, osu.mediterranean.2011 and osu.redsea.2010 (see the
manual of the SPOTL). The inuence on a north-south tilt-meter at Wettzell from
three local and regional ocean models is shown in Fig. 5.8. The curve of ∆3 denotes
the dierence between the calculation with and without three adopted local and
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Figure 5.8: Contribution of local ocean tide models to OTL calculations (for clarity, ∆3
is oset by −5 nrad).
regional ocean models. ∆3 is larger than ∆1 in Fig. 5.5, ∆2 in Fig. 5.6 and the
discrepancies in Fig. 5.7. This means, the local and regional ocean models play
relatively important role in calculations of OTL eects. However, there is no local
and regional ocean models available in GOTIC2. Thus we do not consider any local
and regional ocean model in our calculations of OTL eects on a RLG.
In total we obtained a variation of about 20% in OTL eects induced by dierent
OTL programs, global ocean models and local and regional ocean models. Given
the current observational accuracy of the G-ring and the weakness of original OTL
eects at Wettzell (see Tab. 5.3), we have shown that the calculation with GOTIC2
and one global ocean model NAO99b is sucient for our purposes.
Finally, the OTL eects on north-south tilt-meters, the vertical deection and
RLG tilts induced by the global ocean tides model NAO99b (9 semi-diurnal tidal
waves (M2, S2, N2, K2, 2N2, µ2, ν2, L2, T2) and 7 diurnal tidal waves (K1, O1,
M1, J1, P1, Q1, OO1)) are calculated with GOTIC2. Corresponding time series are
shown in Fig. 5.9. The curve labeled by RLG (GOTIC2, NAO99, 1066A, NS) in Fig.
5.9 shows the pure geometrical tilt sensed by the G-ring which is smaller than the
OTL eect on tilt-meters (see Tiltmeter (GOTIC2, NAO99, 1066A, NS) in Fig. 5.9).
Since the raw G-ring data has been reduced by north-south tilt-meter observa-
tions, the OTL eect on the local vertical deection is required to further reduce the
remaining tilt signals due to the dierent tilt response to ocean tide loading between
north-south tilt-meter and the G-ring. A time series of OTL eect on the local ver-
tical deection shown in Fig. 5.9 is adopted in our data analysis (see Chapter 6).
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Table 5.3: Comparison between the solid Earth tide tilt and OTL tilt.
Solid Earth Tide Ocean Tide Total
Wave Amplitude A-Phase Amplitude A-Phase Amplitude A-Phase
Q1 5.9495E-10 0.000 3.6026E-11 146.005 5.6544E-10 2.042
K1 4.6226E-09 0.000 1.0442E-09 61.465 5.2030E-09 10.155
M2 2.6162E-08 0.000 2.0678E-09 96.770 2.5999E-08 4.530
N2 5.0091E-09 0.000 3.3904E-10 66.358 5.1544E-09 3.454
K2 3.3104E-09 0.000 2.8040E-10 107.891 3.2353E-09 4.731
O1 3.1076E-09 0.000 2.2556E-10 261.707 3.0832E-09 355.849
P1 1.4686E-09 0.000 2.8851E-10 57.413 1.6421E-09 8.513
S2 1.2172E-08 0.000 1.0072E-09 111.854 1.1834E-08 4.531
"A-phase" means phase with respect to +cos-argument of the local potential.
Both are calculated with GOTIC2.
The global ocean tides model NAO99 is used to calculate OTL eect.
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6.1 Numerical Models
6.1.1 Tidal Potential Catalogues
At a given location (r, θ, λ) on the Earth's surface the tidal potential eV (t) due to
a specic body 'A' is expressed by Hartmann and Wenzel (1995) in the form
eV (t) = GMA
ℓmax∑
ℓ=2
ℓ∑
m=0
rℓ
rℓ+1A (t)
1
2ℓ+ 1
P
m
ℓ (cos θ)P
m
ℓ (cos θA(t)) cos[m(λ− ΛA(t))]
+ GME
r2Er
r4A(t)
J2
[√
3
7
P
0
1(cos θ)P
0
3(cos θA(t))
+
√
2
7
P
1
1(cos θ)P
1
3(cos θA(t)) cos(λ− ΛA(t))
]
. (6.1)
Here, (r, θ, λ) denote the radial distance, co-latitude and longitude respectively in
terrestrial geocentric spherical coordinates. (rA, θA, ΛA) andMA are the coordinates
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and mass of A. G is the gravitational constant. J2 is the 2nd degree zonal harmonic
coecient of the Earth's gravity eld. The second and third line, where the Earth's
attening appears describe the 'geodetic deviation term' (deviation from free-fall)
and the functions P
m
l are the fully normalized Legendre function of degree l and
order m dened by
P
m
ℓ (x) = (1− x2)m/2
dm
dxm
[
1
2ℓℓ!
dℓ
dxℓ
(x2 − 1)ℓ
]√
(2ℓ+ 1)
(ℓ−m)!
(ℓ+m)!
(2− δm,0) . (6.2)
It is well known that the above external tidal potential (summation over Sun, Moon
and major planets) can be expanded as a series of harmonic base functions. The
rst harmonic expansion of this kind was derived by Doodson (1921) and succeeded
by Cartwright and Tayler (1971) and Cartwright and Edden (1973), Büllesfeld
(1985), Xi (1991), Tamura (1987), Hartmann and Wenzel (1995), Kudryavtsev
(2004) with spectral analysis methods and Roosbeek (1996) with an analytical
method.
In this Thesis, the HW95 tidal series is adopted. In the HW95 tidal potential
catalogue, the celestial geocentric coordinates for Sun, Moon, Mercury, Venus,
Mars, Jupiter and Saturn, are computed using the DE200 numerical ephemeris of
Jet Propulsion Laboratories (JPL), Pasadena, for the Solar system bodies between
1850 and 21501. The conversion into terrestrial coordinates employs the coordinate
transformation matrix which consists of precession (Simon et al., 1994), nutation
(Wahr , 1981a) and the Earth rotation (Aoki et al., 1982). Celestial pole osets, LOD
variations and polar motion have been ignored for that purpose. The basic time
coordinate for all parts is TDB or TT since the dierence between them is very small.
The whole tidal potential can be expanded into the following form by an iterative
procedure combining spectral analysis and least squares adjustment (Hartmann and
Wenzel , 1995) :
eV (t) =
ℓmax∑
ℓ=1
ℓ∑
m=0
(r
a
)ℓ
P
m
ℓ (cos θ)
∑
i
[(Ci)
m
ℓ (t) cos(argi(t)) + (Si)
m
ℓ (t) sin(argi(t))] ,
(6.3)
where a is the semi-major axis of the Earth, t is the time based on TDB reckoned
from J2000 in Julian centuries. The time dependent quantities (Ci)mℓ (t), (Si)
m
ℓ (t)
and argi(t) can be expressed as
(Ci)
m
ℓ (t) = (C0i)
m
ℓ + t · (C1i)mℓ , (6.4)
(Si)
m
ℓ (t) = (S0i)
m
ℓ + t · (S1i)mℓ (6.5)
and
argi(t) = m · λ+
j=11∑
j=1
kij
k=4∑
k=0
∂kλj(t)
∂tk
· tk . (6.6)
1ftp://ssd.jpl.nasa.gov/pub/eph/planets/README.txt
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The coecients (C0i)mℓ , (C1i)
m
ℓ , (S0i)
m
ℓ , (S1i)
m
ℓ and kij are given in the HW95
catalogue, where argi(t) are integer combinations of the astronomical arguments:
the Doodson variables τ = mean local lunar time, s = mean lunar longitude, h =
mean solar longitude, p = mean longitude of lunar perigee, N ′ = negative mean
longitude of lunar ascending node, ps = mean longitude of solar perigee, and the
mean longitudes λj of the planets, all taken from Simon et al. (1994). The nu-
merical expression of Greenwich Mean Sidereal Time (GMST+ π) from Aoki et al.
(1982) is used to derive the mean local lunar time τ . The numerical constants of
celestial bodies used for the HW95 catalogue are given in the IERS Standards 1992
(McCarthy , 1992).
6.1.2 Earth Tide Model
The Earth tidal parameters calculated for the rotating elliptical Earth by Dehant
et al. (1999) are adopted in a modied version of ETERNA 3.40. Several signicant
discrepancies to the Earth tide theory of a non-rotating spherical Earth exist:
• The Earth tidal parameters become dependent not only on the degree l, but
also on order m.
• More parameters are needed to fully describe the displacement eld and Eu-
lerian incremental potential. E.g., for a particular tidal potential eV ml (σ), 8
Love numbers (h0, h+, h−, h0, h+, h−, w+, w−) for the surface displacement
are used (see Tab. 3.1), whereas for a non-rotating spherical Earth only two
Love numbers are needed. Below we will introduce eective tidal parameters
for RLGs based on such Love numbers.
• These Earth tidal parameters are frequency dependent; e.g, the existence of
the NDFW due to the FOC leads to a strong frequency dependence of the tidal
parameters in the diurnal band. Dehant et al. (1999) also considered the free
rotation mode (Chandler Wobble) and two seismic modes in the expression
for the diurnal tidal parameters (see Eq. (6.7)).
Here we dene eective pure geometrical tilt factors for RLGs, which are
anisotropic:
Diminishing factors for a N-S pure geometrical tilt in the ITRS:
n = 2, m = 2: T geff(θ) = T
g
0 +
[
∂P̄ 24 (θ)/∂P̄
2
2 (θ)
]
T g+
n = 2, m = 1: T geff(θ) = T
g
0 +
[
∂P̄ 14 (θ)/∂P̄
1
2 (θ)
]
T g+
n = 2, m = 0: T geff(θ) = T
g
0 +
[
∂P̄ 04 (θ)/∂P̄
0
2 (θ)
]
T g+
Diminishing factors for an E-W pure geometrical tilt in the ITRS :
n = 2, m = 2: T geff(θ) = T
g
0 +
[
P̄ 24 (θ)/P̄
2
2 (θ)
]
T g+
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n = 2, m = 1: T geff(θ) = T
g
0 +
[
P̄ 14 (θ)/P̄
1
2 (θ)
]
T g+
n = 2, m = 0: T geff(θ) =
[
P̄ 00 (θ)/P̄
0
2 (θ)
]
T g− + T
g
0 +
[
P̄ 04 (θ)/P̄
0
2 (θ)
]
T g+ .
Here, ∂P̄ml (θ) =
[
∂P̄ml (θ)/∂θ
]
, and the three factors T g− = h−− l−, T
g
0 = h0− l0
and T g+ = h+ − l+ are corresponding RLG tilt factors resulting from an external
tidal potential eV ml .
The standard routine ETERNA (see below) has been extended in order to
include the eective tidal parameters which are slightly dierent with the currently
used tidal parameters based on the so-called Wahr-Dehant-Zschau model in
ETERNA 3.40. The above eective pure geometrical tilt factor for RLGs and other
factors similarly dened in Zürn and Wilhelm (1984) are computed using the values
in Tab. 3.1 and demonstrated in Tabs. 6.1 and 6.2 for a hydrostatic Earth and a
non-hydrostatic Earth respectively.
The expression for frequency-dependent diurnal tidal parameters reads (Dehant
et al., 1999)
F (σ) = b0 +
(
aCW
σCW − σ
+
aFCN
σFCN − σ
+
a+54min
σ+54min − σ
+
a−54min
σ−54min − σ
)
(σ − σO1) ,
(6.7)
where F is written for any of the tidal parameters listed in Tab. 6.1. The
quantities σCW, σFCN, σ+54min and σ−54min are normal mode eigen-frequencies
(Dehant et al., 1999, Tab. 13). The last two modes are the seismic modes
with period of 54 min. The numerical values of the resonance strengths (aCW,
aFCN, a+54min, a−54min) and of b0 (= F (σO1)) are given in (Dehant et al.,
1999, Tabs. 14a and 14b). These coecients and eigen-frequencies are also listed
in Tab. 6.1 and 6.2 for a hydrostatic Earth and a non-hydrostatic Earth respectively.
Note that (1) we do not consider the resonance eect on the rst order tidal
parameters (such as h+, h−, l+, l−) in ellipticity of the Earth in Tabs. 6.1 and 6.2
and in our modications to ETERNA 3.40; (2) the numerical tidal parameters listed
in Tabs. 6.1 and 6.2 are only valid for a station with geocentric latitude 49.144◦
due to the latitude dependence of the tidal parameters; (3) for the second degree
tidal potential, several anisotropic tidal parameters (e.g., tilt-meter, local vertical
deection and geometrical tilt) in both, north-south and east-west, directions are
calculated and given in Tabs. 6.1 and 6.2.
In our data analysis, the values of T rlgeff and T
vd
eff in Tab. 6.2 are called by the mod-
ied ETERNA 3.40 to calculate Earth tide time series for raw G-ring observation
and reduced G-ring data by north-south tilt-meter observations, respectively.
6.1.3 Retrograde Diurnal Polar Motion Models
Because the RLG is sensitive to IRP, we discuss here only retrograde DPM of IRP.
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Based on the retrograde DPM theories discussed in Chapter 4 and the HW95
tidal potential catalogue in Section 6.1.1, we make ve retrograde DPM models
for various Earth models (the rigid Earth, purely elastic Earth, two-layered Earth
model adopted in the SOS theory, three-layered Earth model adopted in the Wahr's
theory, three-layered Earth model adopted in MHB2000 theory). Totally there
are 2990 tides involved in our calculation of retrograde DPM (amplitude: mas).
However we tabulated only 173 main tides in Tab. A.1.
Finally the DPM4 model based on the MHB2000 theory will be employed in the
data analysis, e.g., to produce a time series of retrograde DPM signals and tackle
the side-band eect in retrograde DPM factor estimations (see Section 6.4).
6.2 ETERNA
The Earth tide data processing package ETERNA 3.40 (Wenzel , 1996, 1997)
allows the recording, pre-processing and analysis of Earth tide observations, the
prediction of Earth tide signals and the computation of ocean tide loading (the
program LOAD97 created originally by Olivier Francis, modied and included in
ETERNA 3.40 by Hans-Georg Wenzel) on a personal computer. The computing
kernels, consisting of DETIDE, DESPIKE, DECIMATE, ANALYSIS, PREDICT
and OCELOAD, are written in standard Fortran 77/90 and can also be compiled
and executed on a workstation under UNIX. It is one of the most famous Earth tide
software adopted by the International Center for Earth Tides (ICET) and its latest
version 3.40 is freely available online2. ETERNA 3.40 works with several tidal
potential catalogues, including the HW95 catalogue which is used in our calculations.
Two important modications to ETERNA 3.40 are included: (1) an update
of the tidal parameters based on the work of Dehant et al. (1999) and (2) two
options for analyzing diurnal polar motion observations and pure geometrical tilt
observations .
As we calculate the ocean tides loading eects, the OTL program GOTIC2, in-
stead of the LOAD89 or LOAD97 (available in ETERNA 3.40) is used. The reason
is that both of the LOAD89 and LOAD97 cannot calculate the loading eects on
the vertical deection and the pure geometrical tilt for RLG observations which can
be calculated with GOTIC2. For the same reason, in the nal calculation of OTL
eect on the G-ring, we do not adopt the latest version of the SPOTL (version 3.3.0).
The part ANALYSIS of ETERNA 3.40 follows a combination of the ideas of
Chojnicki (1973), Schüller (1976) and Hartmann and Wenzel (1994). The original
program has been tested extensively using model data and observed data sets for
tidal gravity, tilt, vertical strain, horizontal strain, volume strain and ocean tides.
More details are given in the manual of ETERNA 3.40. In order to analyze the
2http://www.eas.slu.edu/GGP/ETERNA34/
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RLG data, two new options of tidal observations: RLG tilt and retrograde DPM
model are added in the program ANALYSIS.
6.3 Description of the G-ring Data
Two dierent techniques are used in G-ring data acquisition. In the software-based
autoregression algorithm (AR-2) method the Sagnac signal is digitized at a
sampling rate of 1000 Hz and the obtained sine wave is bandpass ltered and
numerically tted by an autoregression algorithm. This is done for data chunks
of dierent length, i.e., 3 s (hires le), 30 s (dat le), and 1800 s (sagnac le). In
these les, additional operation parameters like optical beam power, backscatter
phase or signal amplitudes, atmospheric pressure, ambient temperature and
tilt observed by a north-south tilt-meter are stored. For estimation of diurnal
and semi-diurnal signals the sampling rate of 1800s is sucient. The second
method is a hardware-based frequency determination. A specially designed pe-
riod counter ('Canterbury Counter') performs a precise frequency measurement by
integration over 30 minutes. More details can be found on the website of the G-ring3.
For our analysis, a continuous G-ring time series from April 30 to October 17
2010 is analyzed. The Sagnac frequency data (sampling rate: 1800s) recorded by
the software-based AR-2 method is used and displayed in Fig. 6.1 along with the
intensity ratio of the two beams in the G-ring cavity. Variations of two beams'
intensity ratio have an inuence on the G-ring record. However, so far, there is no
eective model available to correct this inuence. Fortunately, there is no signicant
harmonic variation in the intensity ratio in the diurnal and semi-diurnal bands. Tilt
observations from a north-south tilt-meter attached to the platform of the G-ring
and air pressure data in the Lab are used as auxiliary data to correct for local
orientation variations and the inuences from air pressure variations respectively
(see Fig. 6.2).
6.4 Estimation of Retrograde DPM Factor in the Diur-
nal Band
A owchart for the estimation of the retrograde DPM factor is shown in Fig. 6.3.
6.4.1 Pre-analysis of the G-ring Data
Pre-step I
The orientation correction of the G-ring data by north-south tilt-meter observations
has been implemented prior to the data analysis. The raw G-ring data and the
reduced G-ring data by the tilt-meter observations (called RLG-Tiltmeter) are
shown in Fig. 6.4. The tilt-meter observations are converted to the frequency
domain by multiplication with a factor (see Eq. (2.80)). They are labelled by Pre-I
3http://www.fs.wettzell.de/
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Figure 6.1: Raw Sagnac frequency data from the G-ring and the intensity ratio between
the two beams propagating in the G-ring cavity.
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Figure 6.3: Flowchart of estimation of retrograde DPM factor in the diurnal band.
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Figure 6.4: Raw G-ring data and tilt corrections by north-south tilt-meter observations.
in Fig. 6.4.
It is remarkable that the G-ring has a dierent response to Earth tide tilts as
north-south tilt-meters (see Eqs. (3.26) and (3.27)). For that reason in the step of
de-tiding the Earth tide tilt signal, we need to remove the gravitational attraction
tilt, not the pure geometrical tilt.
Pre-step II
In this step, we consider the ocean tide eects on high frequency variations of Earth
rotation (polar motion and variation in LOD) and loading eects on the tilt. The
models relevant for ocean tide eects are given in Chapter 5. Time series of these
eects due to ocean tides are called Pre-II in Fig. 6.5. The further reduced data
by ocean tide eects is shown in Fig. 6.5 (see the curve labeled by 'RLG-Tiltmeter-
Ocean').
Pre-step III
In the third step, the G-ring data is corrected for solid Earth tide eects. The
relevant tidal parameters are listed in Tabs. 6.1 and 6.2. There is only a slight
(ignorable) dierence between the DDW(HD) and DDW(NON-HD) models (see
Chapter 3). The Earth tide eect is calculated with DDW(NON-HD) models. Its
time series is called Pre-III and displayed in Fig. 6.6. The further reduced G-ring
Sagnac frequency record by Pre-III is named by 'RLG-Tiltmeter-Ocean-Solid'.
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Figure 6.5: Ocean tide inuences on the G-ring data: loading eects and relevant pertur-
bations in Earth rotation.
It should be noted that in our calculation of the Earth tide tilt, the tilt induced
by a permanent deformation (and potential) is included. The corresponding Love
number is the one for the tidal potential of degree two and order zero.
Pre-step IV
After the rst three steps only the dominated retrograde DPM signal remains
as harmonic signal in the residuals. However, the residuals contain some spikes,
gaps and steps. So prior to the estimation of retrograde DPM parameter with
ANALYSIS, a remove-recover technique (Wenzel , 1997) is adopted to remove such
spikes, gaps and steps (see next pre-step).
In this step we further remove the retrograde DPM signal (called DPM in Fig.
6.7) from the reduced data of 'RLG-Tiltmeter-Ocean-Solid'. The adopted retrograde
DPM model in this Chapter is the DPM4 model based on the MHB2000 nutation
transfer function and HW95 tidal potential (see Chapter 4 or Section 6.1.3). The
resulting curve 'RLG-Tiltmeter-Ocean-Solid-DPM' shown in Fig. 6.7 indicates that
there are no signicant harmonic signals left. Nevertheless, some strange spots
clearly can be seen in the residuals.
Pre-step V
In this step, we try to remove the strange data spots with the DESPIKE package.
The threshold is determined by the despiking limits (for step: 146µHz, for spike:
6.4. Estimation of Retrograde DPM Factor in the Diurnal Band 79
-2000
-1500
-1000
-500
 0
 500
 1000
 1500
 2000
 2500
 55320  55340  55360  55380  55400  55420  55440  55460  55480
-10
 0
 10
 20
 30
 40
 50
S
ag
na
c 
fr
eq
ue
nc
y 
(µ
H
z)
S
ag
na
c 
fr
eq
ue
nc
y 
(µ
H
z)
Time [mjd]
RLG-Tiltmeter-Ocean
RLG-Tiltmeter-Ocean-Solid
Pre-III
Figure 6.6: Earth tide tilt correction.
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Figure 6.7: Removal of the target signal (retrograde DPM signal).
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Figure 6.8: Despiking the non-harmonic residuals.
146µHz). In addition, there is an automatical threshold of both of spikes: ve times
the rms of the t of the previous iteration (three times in the original routine). At
last, 132 spikes and no steps are identied. There is no gap in the raw G-ring data;
however, there are 5 gaps in the air pressure record. Totally less than 2% of 168
days data (8064 data point) are edited (see Fig. 6.8).
In the last Pre-step, we recover the retrograde DPM signal (the same DPM time
series as the one used in Pre-step IV) into despiked residuals (the blue curve in Fig.
6.9). The consequent time series (the green curve in Fig. 6.9) will be taken as the
input data for the nal least square adjustment procedure.
6.4.2 Digital High-pass Filtering
The long term stability of the G-ring has been improved drastically in recent years
and the Chandler wobble and annual wobble has been identied in the G-ring data
(Schreiber et al., 2011). Nevertheless, signals in the long period band have small
signal-to-noise ratios and long enough high quality G-ring datasets are lacking.
These restrain our estimation of the Chandler and annual wobble and long periodic
LOD variations. Therefore in our analysis, we focus on the high frequency signals
(especially diurnal and semi-diurnal signals). The long periodic signals and a trend
induced by various sources are ltered out mathematically by an digital high-pass
lter n30m30m2.nlf with a length of 167 hours.
The digital high-pass lter n30m30m2.nlf is a zero phase symmetric lter with
g(−τ) = g(τ) which is shown in Fig. 6.10, for which the frequency transfer function
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Figure 6.9: Recovery of the retrograde DPM signal.
has no imaginary component (Wenzel , 1997):
G(f) =
∆t∑
τ=−∆t
g(τ) · cos(2πfτ) , (6.8)
where f is the frequency, and ∆t is half of the lter's length. The function G(f) is
shown in Fig. 6.11.
Finally the time series is split into two parts: one high-pass ltered part and one
low-pass ltered part. Both of them are shown in Fig. 6.12. The rst part will be
used as input for the least square adjustment procedure.
6.4.3 Retrograde DPM Factor Estimation
For a partial tide with specic frequency σi, the induced diurnal polar motion of
the Earth can be written in complex form as (see Chapter 4)
m̃i = Q̃(σi)
[
iAie
−i(arg∗i (t)+χi)
]
, (6.9)
where Q̃(σi) = Qieiχ
q
i .
The observation equation for high-pass ltered retrograde DPM observations can
be written in the form which is similar to that for gravimeter observations (Wenzel
(1997))
l∗(t) + v∗(t) = K cosϕ′0
 q∑
j=1
H̄j
ej∑
i=aj
Gi ·Qi ·Ai · cos(2πσit+ ϕ0i + δϕ̄j) + R̄ · z∗(t)
 ,
(6.10)
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Figure 6.10: Digital high-pass lter (n30m30m2.nlf) available in ETERNA 3.40.
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Figure 6.11: Frequency transfer function of the lter n30m30m2.nlf .
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Figure 6.12: The high-pass and low-pass part of the G-ring observations.
where l∗(t) and z∗(t) are ltered time series of raw G-ring data l(t) and air pressure
record z(t), K and ϕ′0 are scale factor and geodetic latitude of the G-ring, q is the
number of wave groups, aj and ej are the starting and ending numbers of partial
tides in the jth wave group, t is the time reckoned from a reference time (e.g., J2000)
and ϕ0i = arg
∗
i (0)+λ+χi−χ
q
i −90◦ is the phase which consists of arg∗i (0) and χi at
the reference time. H̄j and δϕ̄j are adjusted amplitude factors and phase leads of
one wave group, R̄ is an adjusted regression coecient of the air pressure record. R̄
is set to zero in this Section due to the fact, that air pressure records are not applied.
To decrease the inuence of the numerical high-pass lter on slight modications
of high frequency signals within the data, the theoretical amplitude of estimated
tidal parameters is multiplied by a gain factor Gi of this numerical lter at each
frequency σi.
We select ve diurnal wave groups (Q1, O1, M1, K1, J1) named by the strongest
tide within each wave group. For each group there are two unknown parameters
estimated using the method of least squares adjustment of ETERNA 3.40. The ratio
of retrograde DPM strength of two partial tides Mi1/Mi2 = (Qi2 · Ai2)/(Qi1 · Ai1)
within one wave group can be predicted theoretically, so by properly selecting the
frequency range of each wave group side-band eects can be eliminated drastically.
Theoretical Qi values based on the MHB2000 theory are used. Finally, the estimated
Q̄i for the ith partial tide within the jth wave group is obtained by
Q̄i = H̄j ·Qi (6.11)
and
δϕ̄i = δϕ̄j (6.12)
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Figure 6.13: Comparison between the estimated retrograde DPM signal and the high-pass
ltered G-ring observations (for clarity, the curve of 'Residuals' is oset by −40µHz).
where aj < i < ej .
The estimated parameters for ve main partial tides are given in Tab. 6.3
and the time series from MJD 55320 to 55350 derived by these estimated tidal
parameters is calculated and displayed in Fig. 6.13 along with high-pass ltered data
and the residuals after the least square adjustment procedure. The corresponding
Fourier spectrum of these residuals presented in Fig. 6.14 demonstrates that in the
diurnal band the main partial tides of diurnal polar motion can be well represented
by the estimated parameters.
There are strong semi-diurnal signals left in the residuals which might have two
origins: 1) insucient tilt parameters used in the procedure of de-tiding the Earth
tide tilt from the real tilt parameter because of cavity and topographic eects, 2)
harmonic variations of the atmospheric pressure (there exists well-known harmonic
signals, such as S1, S2 or S3, in the atmospheric tides).
In the next Section we will to analyze G-ring Sagnac frequency data in the semi-
diurnal band and evaluate these two inuences on our estimation of retrograde DPM
factor.
For better viewing the dierence between our estimated retrograde DPM factors
and their theoretical values, we display theoretical values based on four Earth models
and estimated factors in Fig. 6.15. Fig. 6.15 demonstrates that, at K1 and O1, our
estimation shows the largest signal-to-noise ratio and the best accuracies (because
the harmonic signal in the diurnal band is dominated by these two tides).
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Figure 6.14: Spectrum of residuals after the least square adjustment.
Retrograde diurnal polar motion at the K1 tide corresponds to precession of
the Earth. Its amplitude does not vary with the adopted Earth model. Therefore,
it shows that our estimations in the diurnal band are quite reliable.
At the O1 partial tide our estimation ts very well to the theoretical values of a
two-layered or a three-layered model. The deviations from a purely elastic model
or a rigid model are larger than the standard deviation of our estimation. This
proves that the Earth is not just a single layered elastic body. Considering that the
inuences on retrograde diurnal polar motion from the solid inner core, ocean tides
and core-mantle couplings are much smaller than that from the uid outer core,
we conclude that G-ring observations of retrograde diurnal polar motion provide
another evidence for the Earth's uid outer core.
The discrepancies between estimated and theoretical values at these main
tides K1 and O1 are mainly caused by cavity and topographic eects leading to
perturbations of tidal parameters (see next Subsection). They might also be partly
caused by imperfections of the used correction models related with ocean tides.
On the estimation of phase lead, we expect the phase lead δϕ̄i ≈ 0◦, but strange
and signicant phase leads are found for theK1 and O1 waves and shown in Tab. 6.3.
The complex transfer function of MHB could give rise to phase leads. However, they
are much smaller than the estimated phase leads. The cause for these unexpected
phase leads is still unclear.
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Figure 6.15: Comparison between the theoretical and estimated retrograde diurnal polar
motion in the frequency domain.
6.5 Tidal Parameters Estimation in the Semi-diurnal
Band
In this Section we concentrate on the semi-diurnal band signal which is dom-
inated by the Earth tide tilt. We do exactly the same pre-processing of the
G-ring data as that in the above Section except for pre-step V. In pre-step V
of above Section, the retrograde DPM signal was recovered as the target signal.
In this Section, the semi-diurnal Earth tide tilt will replace the retrograde DPM
signal as the target signal. Earth tide tilt parameters will be estimated in
the least square adjustment procedure. The owchart for the semi-diurnal band
is shown in Fig. 6.16. The time series at dierent pre-steps are displayed in Fig. 6.17.
The same numerical digital high-pass lter of n30m30m2.nlf is used to eliminate
the trend and long periodic signals in the G-ring data and air pressure record (when
applied). The high-pass ltered observation are displayed in Fig. 6.17 (the red curve
h). To decrease the inuence of the numerical high-pass lter on high frequency
signals within the data, the theoretical amplitudes
Ti = T deff(σi)Bi = T deff(σi)
[
A(σi)
gaa
∂P̄ 12
∂θ
]
(6.13)
of Earth tide tilt are multiplied by a gain factor Gi at each frequency fi in the
following observation equation.
The observation equation for high-pass ltered Earth tide tilt observations is
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Figure 6.16: Flowchart of tidal parameters estimations in the semi-diurnal band (without
air pressure correction). The green frame indicates that the solid tide tilt inducing signal
is recovered and estimated in the second analysis.
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written in the form (Wenzel , 1997):
l∗(t) + v∗(t) = K cosϕ′0
 q∑
j=1
H̄j
ej∑
i=aj
Gi · Ti · cos(2πσit+ ϕ0i + δϕ̄j) + R̄ · z∗(t)
 ,
(6.14)
where the amplitude of theoretical Earth tide tilt Ti replaces Q(σi)Ai in Eq. (6.10).
ϕ0i , dierent with the one in Eq. (6.10), contains only the initial phase of tidal
potential.
6.5.1 Without Air Pressure Correction
We select six semi-diurnal wave groups (2N2, N2, M2, L2, S2, K2) and ve diurnal
wave groups (Q1, O1, M1, K1, J1) in our analysis. So totally there are 22 estimated
parameters. Within one wave group, the relation between two Earth tide tilt
amplitudes Ti1 and Ti2 can be xed theoretically. Because the response of the
G-ring and other tidal parameters are frequency-independent in the semi-diurnal
band, the ratio Ti2/Ti1 is identical to Ai2/Ai1 of external tidal potential strength
at two frequencies within the j-th wave group. No matter how close they are,
the ratio Ai2/Ai1 can always be found in the HW95 tidal potential catalogue. By
properly selecting the frequency range of each wave group side-band eects can be
eliminated drastically.
The nal estimated semi-diurnal tidal parameters are given in Tab. 6.4. The
time series from MJD 55320 to 55350 calculated from these estimated tidal
parameters are displayed in Fig. 6.18. The high-pass ltered data and the residuals
after the least square adjustment are also shown in Fig. 6.18 for comparison.
The spectrum of residuals is displayed in Fig. 6.19. Compared to Fig. 6.14, in
the semi-diurnal band, two spikes (M2, S2) in the spectrum of residuals disappear.
The reason for that is that in the rst data analysis only the parameters of ve
diurnal wave groups (Q1, O1, M1, K1, J1) were estimated and the semi-diurnal
signals were not touched in the procedure of least square adjustment. In the second
case, however, the semi-diurnal signals are involved and their strengths and phases
are estimated and removed from the observations. Thus there is no signicant
harmonic signals in both, diurnal and semi-diurnal, bands left in the residuals.
The spectrum of residuals in the diurnal band in Fig. 6.19 is almost the same as
the one in Fig. 6.14. This implies that the estimations in the diurnal band are not
impacted signicantly by wave group division in other bands.
From Tab. 6.4, we can conclude that cavity and topographic eects have
detectable inuence on the tidal parameters of the G-ring. For instance, at partial
tide M2 the estimated tidal parameter of 1.30 is larger than the theoretical
value 1.21 by 0.09, the estimated RMS is 0.01. The deviation could be caused
locally by cavity eect and regionally by topographic eect, even though the
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Figure 6.18: Comparison between the estimated Earth tide tilt and the high-pass ltered
Earth tide observation of the G-ring (no air pressure correction; for clarity, the curve of
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G-ring is not installed inside of a cave as is the case for the C-II installed in
the Carven cave. The large cavity eect on the C-II has been discussed in
details by Schreiber et al. (2003). However for the G-ring, so far, there is no
investigation on cavity and topographic eects on tidal parameters available.
Our preliminary result in the semi-diurnal band proves that there exists a small,
but detectable cavity and topographic eects on tidal parameters in the G-ring Lab.
Assume that some cavity and topographic eects have the same impact on semi-
diurnal and diurnal tidal parameters. From the estimation of tidal parameter at the
M2 tide, we can roughly estimate the inuence of cavity and topographic eects in
the diurnal band by the following equation for the O1 tide
δl(O1) = (T̄ vdeff (M2)− T vdeff (O1))
[
A(O1)
gaa
∂P̄ 12
∂θ
]
≈ 0.074mas, (6.15)
where the theoretical value T vdeff (O1) ≈ 1.22 for the O1 tide is given in Tab. 6.2, the
estimated value T̄ vdeff (M2) ≈ 1.30 is given in Tab. 6.5. This is smaller than the 0.17
mas of estimated rms value at the O1 tide.
A similar estimation for cavity and topographic eects at the K1 tide yields
δl(K1) ≈ 0.155 mas which is comparable with the 0.17 mas of estimated rms residu-
als of diurnal polar motion at the K1 tide and could be one of the main reasons for
the discrepancy between the theoretical and estimated retrograde DPM factor at
the K1 tide (see Tab. 6.3). In addition, since the K1 tide lies close to the resonance
frequency of the FCN, cavity and topographic eects on tidal parameters at the K1
tide and other tides close to the FCN may be inuenced by dierent mechanisms.
6.5.2 With Air Pressure Correction
The only dierence between the analysis in this Section and the one without air
pressure correction is that the regression coecient R̄ of the air pressure record is
estimated along with the above tidal parameters (see Fig. 6.20). Even though, this
simple regression model for air pressure correction cannot completely model the air
pressure loading eect, because the gravitational attraction of redistributed masses
in a thick atmospheric layer cannot be well-modeled by singular air pressure record.
Dierent 3D-corrections due to atmospheric loading eects are made by various
superconducting gravimeter groups (Neumeyer et al., 2004; Klügel and Wziontek ,
2009). Considering that the main harmonic signals induced by the mass redistribu-
tion within the atmosphere are at several particular tides (S1, S2 and S3) and not in
the whole band, we expect that air pressure inuences do not alter our evaluation of
cavity and topographic eects inducing perturbations of tidal parameters at other
frequencies.
The raw and reduced data have been shown in Fig. 6.17. Estimated tidal
parameters from the analysis with air pressure correction are given in Tab. 6.5. The
time series from MJD 55320 to 55350 derived by these estimated tidal parameters
and the residual are shown in Fig. 6.21 for comparison. We do not see any
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Figure 6.20: Flowchart of tidal parameters estimations in the semi-diurnal band (with air
pressure correction). The green frames indicate that the air pressure records are adopted
in the third analysis.
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Figure 6.21: Comparison between the estimated Earth tide tilt and the high-pass ltered
Earth tide observations from the G-ring (with air pressure correction; for clarity, the curve
of 'Residuals' is oset by −40µHz).
signicant dierence of estimated tidal parameters between the two analyses with
and without air pressure correction for the main tides except for the S2 tide.
Corresponding to the estimated regression coecient R̄ = 0.351 ± 0.115µHz/hPa,
the estimated tidal parameters (amplitude, phase) at the S2 tide changed from
(1.34100 ± 0.02831, 172.9664 ± 1.2102) in the case without air pressure correction
(in Tab. 6.4) to (1.32310± 0.03003, 172.3220± 1.2801) in Tab. 6.5.
Because of the smallness of the retrograde DPM amplitude at the S1 tide, we
can not achieve an eective estimation of the contributions of the S1 atmospheric
tide to retrograde DPM amplitude at the S1 tide. However, tests runs with and
without air pressure correction did not reveal signicant dierences in the estimated
retrograde DPM parameters.
Finally we conclude that the inuence of mass re-distribution within the atmo-
sphere on our estimations of the tidal parameters at main diurnal and semi-diurnal
tides are ignorable except for the S1 and S2 tides. Therefore, two main conclusion
made in Section 6.4 and 6.5.1: (1) in the semi-diurnal band, cavity and topographic
eects have detectable inuence on Earth tide tilt in the G-ring Lab (see Tabs. 6.4
and 6.5); (2) in the diurnal band, estimations of retrograde DPM parameters from
G-ring observations provide one more evidence for the existence of uid outer core
(see Fig. 6.15 and Tab. 6.3), still hold.
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7.1 Short Summary of Work done in the Field of Data
Modeling
• We have constructed a local proper reference frame (PfRS) attached to the
G-ring platform in which the Sagnac eect is interpreted within the rst post-
Newtonian approximation of Einstein's theory of gravity. The introduction of
seven geodetic parameters in the construction of a PfRS enables one to consider
global and local rotations as well as orientation variations with respect to the
local inertial frame in a consistent way.
• The Earth tide model for the G-ring is improved. One zeroth-order tilt term
related to geographic latitude variation and the rst order tilt terms are con-
sidered in comparison with previous orientation model of the G-ring.
• The retrograde DPM model is improved by adopting the latest nutation trans-
fer function and the HW95 tidal potential.
• Ocean tide eects acting on the G-ring are taken into account: high frequency
Earth rotation variations due to ocean tides and OTL eects.
7.2 Conclusions from our Data Analysis
From our estimations presented in the last Chapter, we can conclude that
• From comparing our numerical model of ocean tide inuence on the G-ring
with our estimation RMS from G-ring observations, we see that the above
mentioned aspects of ocean tide eects (high frequency Earth rotation and
loading eects) are visible in the RLG data and should be considered in the
data analysis for estimating periodic signals with amplitudes smaller than
10−6Hz.
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• From our data analysis in the semi-diurnal band, we found that tidal param-
eters for the G-ring are aected by the cavity and topographic eects. Our
estimated values given in Tabs. 6.4 and 6.5 show that the cavity and topo-
graphic eects in the semi-diurnal band are as large as eects from high fre-
quency variations of Earth's rotation caused by ocean tides. Therefore, more
investigation on the local tilt caused by the cavity and topographic eects are
needed before a RLG can be employed as Earth rotation sensor.
• In the diurnal band, most of the periodic signals are well interpreted by the
models discussed in Chapters 3, 4 and 5. If we x the high frequency Earth
rotation caused by ocean tides and the tilt caused by solid Earth tides and
ocean loading, observations of retrograde diurnal polar motion by a RLG can
provide one more evidence for the existence of the Earth's uid outer core (see
Fig. 6.15).
7.3 Suggestions for Future Work
• In this Thesis the diurnal and semi-diurnal tilt and Earth rotation signals
were modeled in detail. The estimations of the relevant geodetic parameters
demonstrate that most of the high frequency signals in the G-ring data can
be interpreted very well by our numerical model. However, the long periodic
signals still need further intensive investigations. In our data analysis most
of the long periodic signals were ltered out by a numerical high-pass lter.
With further improvements of the long term stability of the G-ring, the zonal
tide eects on the LOD could be detectable (e.g., the LOD partial tide of 13.66
days) in the future.
• Local tilts and rotation caused by weather and hydrological events and non-
tidal Earth's rotation caused by angular momentum exchange between dier-
ent layers of the Earth also lead to aperiodic signals which pose a challenge not
only for the interpretation of ring laser observations. Moreover, instrumental
artefacts may induce signals that might also play an important role to further
decrease the noise level of a RLG.
• The relativistic eects related with RLGs, that have been investigated the-
oretically in the rst post-Newtonian approximation of Einstein's theory of
gravity in this Thesis, are too small to be detectable in the near future. How-
ever, planned new projects involving multi-RLGs or larger RLGs (eg., UG-I,
UG-II) have a promising potential to become a new tool for testing Relativity.
Appendix A
Retrograde Diurnal Polar Motion
Models for the IRP
Table A.1: Retrograde DPM models of IRP for ve dierent Earth models: DPMO (rigid
Earth), DPM1 (elastic Earth), DPM2 (the SOS model), DPM3 (the Earth model adopted
by Wahr) and DPM4 (the MHB2000 model). (k1, k2, k3, k4, k5, k6) are coecients of the
linear combination of astronomical arguments (τ = mean local lunar time, s = mean lunar
longitude, h = mean solar longitude, p = mean longitude of lunar perigee, N ′ = negative
mean longitude of lunar ascending node, ps = mean longitude of solar perigee).
Doodson numbers Oppolzer term of earth's rotation axis [mas]
No. k1 k2 k3 k4 k5 k6 DPM0 DPM1 DPM2 DPM3 DPM4
1 1 -3 0 -2 -2 -2 0.001 0.001 0.001 0.001 0.001
2 1 -1 0 -2 -4 -2 0.002 0.002 0.002 0.002 0.002
3 1 -4 0 -2 0 -2 0.002 0.002 0.002 0.002 0.002
4 1 -2 0 -2 -2 -1 0.002 0.002 0.002 0.002 0.002
5 1 -2 0 -2 -2 -2 0.010 0.009 0.010 0.010 0.010
6 1 0 0 -2 -4 -1 0.001 0.001 0.001 0.001 0.001
7 1 0 0 -2 -4 -2 0.006 0.006 0.006 0.006 0.006
8 1 -3 0 -2 0 -1 0.004 0.004 0.004 0.004 0.004
9 1 -3 0 -2 0 -2 0.022 0.020 0.022 0.022 0.022
10 1 -1 -1 -2 -2 -2 0.001 0.001 0.001 0.001 0.001
11 1 -1 0 -2 -2 -1 0.010 0.010 0.010 0.010 0.011
12 1 -1 0 -2 -2 -2 0.056 0.052 0.055 0.055 0.056
13 1 -1 1 -2 -2 -2 0.004 0.004 0.004 0.004 0.004
14 1 1 0 -2 -4 -1 0.002 0.002 0.002 0.002 0.002
15 1 1 0 -2 -4 -2 0.011 0.010 0.011 0.011 0.011
16 1 1 1 -2 -4 -2 0.001 0.001 0.001 0.001 0.001
17 1 -2 -1 -2 0 -2 0.002 0.002 0.002 0.002 0.003
18 1 0 0 -4 0 -2 0.001 0.001 0.001 0.001 0.001
19 1 -2 0 -2 0 0 0.001 0.001 0.001 0.001 0.001
20 1 -2 0 -2 0 -1 0.035 0.033 0.035 0.035 0.035
21 1 -2 0 -2 0 -2 0.184 0.175 0.185 0.185 0.186
22 1 0 -1 -2 -2 -2 0.003 0.003 0.003 0.003 0.003
23 1 -1 0 -2 -1 -2 0.002 0.002 0.002 0.002 0.002
24 1 -2 1 -2 0 -2 0.003 0.003 0.003 0.003 0.003
25 1 0 0 -2 -2 0 0.001 0.001 0.001 0.001 0.001
26 1 0 0 -2 -2 -1 0.042 0.040 0.042 0.042 0.042
27 1 0 0 -2 -2 -2 0.220 0.210 0.222 0.222 0.223
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Doodson numbers Oppolzer term of earth's rotation axis [mas]
No. k1 k2 k3 k4 k5 k6 DPM0 DPM1 DPM2 DPM3 DPM4
28 1 -2 0 0 -2 0 0.002 0.002 0.002 0.002 0.002
29 1 0 1 -2 -2 -1 0.003 0.003 0.003 0.003 0.003
30 1 0 1 -2 -2 -2 0.015 0.014 0.015 0.015 0.015
31 1 2 0 -2 -4 -1 0.001 0.001 0.001 0.001 0.001
32 1 2 0 -2 -4 -2 0.007 0.006 0.007 0.007 0.007
33 1 0 0 0 -4 0 0.001 0.001 0.001 0.001 0.001
34 1 -1 0 -4 2 -2 0.001 0.001 0.001 0.001 0.001
35 1 -3 0 -2 2 -2 0.004 0.004 0.004 0.004 0.004
36 1 -1 -1 -2 0 -1 0.002 0.002 0.002 0.002 0.002
37 1 -1 -1 -2 0 -2 0.011 0.011 0.011 0.011 0.011
38 1 1 0 -4 0 -2 0.005 0.005 0.005 0.005 0.005
39 1 0 -1 -2 -1 -2 0.001 0.001 0.001 0.001 0.001
40 1 -1 0 -2 0 0 0.008 0.007 0.008 0.008 0.008
41 1 -1 0 -2 0 -1 0.251 0.242 0.256 0.256 0.256
42 1 -1 0 -2 0 -2 1.331 1.284 1.355 1.356 1.359
43 1 -3 0 0 0 0 0.004 0.003 0.004 0.004 0.004
44 1 1 -1 -2 -2 -2 0.002 0.002 0.003 0.003 0.003
45 1 0 0 -2 -1 -1 0.001 0.001 0.001 0.001 0.001
46 1 0 0 -2 -1 -2 0.007 0.007 0.007 0.007 0.007
47 1 -1 1 -2 0 -1 0.002 0.002 0.002 0.002 0.002
48 1 -1 1 -2 0 -2 0.012 0.012 0.013 0.013 0.013
49 1 1 0 -2 -2 0 0.001 0.001 0.001 0.001 0.001
50 1 1 0 -2 -2 -1 0.047 0.046 0.048 0.048 0.048
51 1 1 0 -2 -2 -2 0.251 0.243 0.256 0.256 0.257
52 1 -1 0 0 -2 0 0.014 0.014 0.015 0.015 0.015
53 1 -1 0 0 -2 -1 0.004 0.004 0.005 0.005 0.005
54 1 1 1 -2 -2 -1 0.002 0.002 0.002 0.002 0.002
55 1 1 1 -2 -2 -2 0.012 0.011 0.012 0.012 0.012
56 1 -1 1 0 -2 0 0.001 0.001 0.001 0.001 0.001
57 1 1 0 0 -4 0 0.003 0.003 0.003 0.003 0.003
58 1 0 0 -4 2 -2 0.003 0.003 0.003 0.003 0.003
59 1 -2 0 -2 2 -1 0.004 0.003 0.004 0.004 0.004
60 1 -2 0 -2 2 -2 0.020 0.020 0.021 0.021 0.021
61 1 0 -1 -2 0 -1 0.003 0.003 0.003 0.003 0.003
62 1 0 -1 -2 0 -2 0.023 0.022 0.024 0.024 0.024
63 1 -1 0 -2 1 -2 0.001 0.001 0.001 0.001 0.001
64 1 0 0 -2 0 0 0.039 0.038 0.040 0.040 0.040
65 1 0 0 -2 0 -1 1.260 1.231 1.296 1.296 1.297
66 1 0 0 -2 0 -2 6.680 6.524 6.869 6.869 6.876
67 1 0 -2 0 -2 0 0.002 0.002 0.002 0.002 0.002
68 1 -2 0 0 0 1 0.001 0.001 0.001 0.001 0.001
69 1 -2 0 0 0 0 0.043 0.042 0.044 0.044 0.044
70 1 -2 0 0 0 -1 0.007 0.007 0.007 0.007 0.007
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No. k1 k2 k3 k4 k5 k6 DPM0 DPM1 DPM2 DPM3 DPM4
71 1 0 1 -2 0 -1 0.002 0.002 0.002 0.002 0.002
72 1 0 1 -2 0 -2 0.020 0.020 0.021 0.021 0.021
73 1 2 0 -2 -2 -2 0.004 0.004 0.004 0.004 0.004
74 1 0 0 0 -2 1 0.002 0.002 0.003 0.003 0.003
75 1 0 0 0 -2 0 0.087 0.085 0.089 0.089 0.089
76 1 0 0 0 -2 -1 0.019 0.018 0.019 0.019 0.019
77 1 0 0 0 -2 -2 0.001 0.001 0.001 0.001 0.001
78 1 0 1 0 -2 0 0.006 0.006 0.006 0.006 0.006
79 1 2 0 0 -4 0 0.002 0.002 0.002 0.002 0.002
80 1 -1 -1 -2 2 -2 0.002 0.002 0.002 0.002 0.002
81 1 -1 0 -2 2 -1 0.011 0.011 0.011 0.011 0.011
82 1 -1 0 -2 2 -2 0.048 0.047 0.049 0.049 0.049
83 1 0 0 -2 1 -2 0.001 0.001 0.001 0.001 0.001
84 1 -1 -1 0 0 0 0.003 0.003 0.003 0.003 0.003
85 1 1 0 -2 0 0 0.003 0.003 0.003 0.003 0.003
86 1 1 0 -2 0 -1 0.034 0.033 0.035 0.035 0.035
87 1 1 0 -2 0 -2 0.182 0.180 0.189 0.189 0.188
88 1 -1 0 0 0 1 0.015 0.014 0.015 0.015 0.015
89 1 -1 0 0 0 0 0.505 0.499 0.524 0.524 0.524
90 1 -1 0 0 0 -1 0.101 0.100 0.105 0.105 0.105
91 1 -1 0 0 0 -2 0.003 0.003 0.003 0.003 0.003
92 1 0 0 0 -1 0 0.003 0.003 0.003 0.003 0.003
93 1 -1 1 0 0 0 0.003 0.003 0.003 0.003 0.003
94 1 1 0 0 -2 1 0.003 0.003 0.003 0.003 0.003
95 1 1 0 0 -2 0 0.096 0.095 0.100 0.100 0.100
96 1 1 0 0 -2 -1 0.021 0.021 0.022 0.022 0.022
97 1 1 1 0 -2 0 0.004 0.004 0.004 0.004 0.004
98 1 0 -2 -2 2 -2 0.007 0.007 0.007 0.007 0.007
99 1 0 -1 -2 2 -1 0.001 0.001 0.001 0.001 0.001
100 1 0 -1 -2 2 -2 0.170 0.169 0.176 0.176 0.176
101 1 0 0 -2 2 0 0.002 0.002 0.002 0.002 0.002
102 1 0 0 -2 2 -1 0.033 0.033 0.034 0.034 0.034
103 1 0 0 -2 2 -2 0.005 0.005 0.005 0.005 0.005
104 1 0 0 -2 2 -2 2.892 2.887 2.993 2.992 2.989
105 1 0 -2 0 0 0 0.002 0.002 0.002 0.002 0.002
106 1 -2 0 0 2 0 0.004 0.004 0.004 0.004 0.004
107 1 0 1 -2 2 -2 0.024 0.024 0.025 0.025 0.025
108 1 0 -1 0 0 0 0.069 0.069 0.071 0.071 0.071
109 1 0 -1 0 0 -1 0.002 0.002 0.002 0.002 0.002
110 1 2 0 -2 0 -1 0.002 0.002 0.002 0.002 0.002
111 1 0 0 0 0 2 0.001 0.001 0.001 0.001 0.001
112 1 0 0 0 0 1 0.172 0.172 0.173 0.173 0.173
113 1 0 2 -2 2 -2 0.001 0.001 0.001 0.001 0.001
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Doodson numbers Oppolzer term of earth's rotation axis [mas]
No. k1 k2 k3 k4 k5 k6 DPM0 DPM1 DPM2 DPM3 DPM4
114 1 0 0 0 0 0 5.953 5.952 5.952 5.952 5.952
115 1 0 0 0 0 0 2.755 2.755 2.755 2.755 2.755
116 1 0 0 0 0 -1 1.181 1.181 1.177 1.177 1.178
117 1 0 0 0 0 -2 0.025 0.025 0.025 0.025 0.025
118 1 0 1 0 0 0 0.069 0.069 0.085 0.086 0.091
119 1 0 -1 2 -2 2 0.001 0.001 0.001 0.001 0.001
120 1 0 1 0 0 -1 0.001 0.001 0.002 0.002 0.002
121 1 2 0 0 -2 0 0.004 0.004 0.005 0.005 0.005
122 1 2 0 0 -2 -1 0.001 0.001 0.001 0.001 0.001
123 1 0 2 0 0 0 0.002 0.002 0.002 0.002 0.002
124 1 0 0 2 -2 2 0.123 0.123 0.134 0.134 0.134
125 1 0 0 2 -2 1 0.005 0.005 0.005 0.005 0.005
126 1 0 0 2 -2 0 0.002 0.002 0.003 0.003 0.003
127 1 0 1 2 -2 2 0.007 0.007 0.008 0.008 0.008
128 1 -1 -1 0 2 0 0.004 0.004 0.004 0.004 0.004
129 1 1 0 -2 2 -1 0.003 0.003 0.003 0.003 0.003
130 1 -1 0 0 2 1 0.003 0.003 0.003 0.003 0.003
131 1 -1 0 0 2 0 0.090 0.091 0.096 0.096 0.096
132 1 -1 0 0 2 -1 0.018 0.018 0.019 0.019 0.019
133 1 1 -1 0 0 0 0.003 0.003 0.003 0.003 0.003
134 1 0 0 0 1 0 0.002 0.003 0.003 0.003 0.003
135 1 1 0 0 0 1 0.014 0.014 0.015 0.015 0.015
136 1 1 0 0 0 0 0.470 0.476 0.500 0.500 0.500
137 1 1 0 0 0 -1 0.093 0.094 0.099 0.099 0.099
138 1 1 0 0 0 -2 0.002 0.002 0.002 0.002 0.002
139 1 -1 0 2 0 2 0.007 0.007 0.008 0.008 0.008
140 1 -1 0 2 0 1 0.005 0.005 0.005 0.005 0.005
141 1 -1 0 2 0 0 0.003 0.003 0.003 0.003 0.003
142 1 1 1 0 0 0 0.002 0.002 0.003 0.003 0.003
143 1 1 0 2 -2 2 0.002 0.002 0.002 0.002 0.002
144 1 1 0 2 -2 1 0.001 0.001 0.002 0.002 0.002
145 1 -2 0 0 4 0 0.001 0.001 0.002 0.002 0.002
146 1 0 -1 0 2 0 0.005 0.005 0.005 0.005 0.005
147 1 0 0 0 2 1 0.002 0.002 0.003 0.003 0.003
148 1 0 0 0 2 0 0.076 0.077 0.081 0.081 0.081
149 1 0 0 0 2 -1 0.015 0.015 0.016 0.016 0.016
150 1 2 0 0 0 0 0.037 0.038 0.040 0.040 0.040
151 1 2 0 0 0 -1 0.007 0.008 0.008 0.008 0.008
152 1 0 0 2 0 2 0.248 0.254 0.266 0.266 0.266
153 1 0 0 2 0 1 0.159 0.163 0.171 0.171 0.170
154 1 0 0 2 0 0 0.033 0.034 0.036 0.036 0.036
155 1 0 0 2 0 -1 0.002 0.002 0.002 0.002 0.002
156 1 -1 0 0 4 0 0.002 0.002 0.002 0.002 0.002
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Doodson numbers Oppolzer term of earth's rotation axis [mas]
No. k1 k2 k3 k4 k5 k6 DPM0 DPM1 DPM2 DPM3 DPM4
157 1 1 0 0 2 0 0.012 0.012 0.013 0.013 0.013
158 1 1 0 0 2 -1 0.002 0.002 0.002 0.002 0.002
159 1 -1 0 2 2 2 0.009 0.009 0.009 0.009 0.009
160 1 -1 0 2 2 1 0.006 0.006 0.006 0.006 0.006
161 1 -1 0 2 2 0 0.001 0.001 0.001 0.001 0.001
162 1 3 0 0 0 0 0.003 0.003 0.003 0.003 0.003
163 1 1 0 2 0 2 0.046 0.048 0.050 0.050 0.050
164 1 1 0 2 0 1 0.029 0.030 0.032 0.032 0.032
165 1 1 0 2 0 0 0.006 0.006 0.007 0.007 0.007
166 1 0 0 0 4 0 0.001 0.001 0.001 0.001 0.001
167 1 2 0 0 2 0 0.001 0.001 0.001 0.001 0.001
168 1 0 0 2 2 2 0.007 0.007 0.008 0.008 0.008
169 1 0 0 2 2 1 0.005 0.005 0.005 0.005 0.005
170 1 2 0 2 0 2 0.006 0.006 0.006 0.006 0.006
171 1 2 0 2 0 1 0.004 0.004 0.004 0.004 0.004
172 1 1 0 2 2 2 0.002 0.002 0.002 0.002 0.002
173 1 1 0 2 2 1 0.001 0.001 0.001 0.001 0.001
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